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PREFACE
THE present volume is a continuation of my Algebra for

Secondary Schools, published four years ago. It includes,
I hope, all the subjects from the binomial theorem onwards which
are usually read in the ordinary course of a university college and
in the upper classes of secondary schools.
In the introductory part, I have re-traversed, though more
1R fully, some of the ground occupied by the earlier volume. The
s theory of partial fractions and of complex quantity is treated at

I 8 somewhat greater length than usual. In the latter chapter, the

1‘ notation of trigonometry is occasionally employed, the artificial

§ line that used to separate algebra and trigonometry being now
deleted.

= The second part deals with finite and infinite series; the third
with inequalities, approximations and limits in what seems their
natural order. In the chapter on limits, the conception of a
differential coefficient is introduced and considered as far as is -
necessary for use in the succeeding chapters on the theory of
equations.

The fourth part gives as much of the theory of equations as

will be required by most readers, especially the chapters on the

. properties of equations and on the location of the roots and the

1 approximate solution of equations. Continued fractions and the -

‘ theory of numbers are less frequently read in schools than was
usual before the new regulations for the mathematical tripos came
into force. I have taken advantage of this change to omit a few

= of the more advanced theorems that formerly found a place in
textbooks, and both subjects are relegated to the concluding
section of the book.
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vi ' PREFACE

The collections of exercises in the text are examples on the
preceding sections of bookwork and are as a rule of an elementary
character. The series of problems at the end of each chapter are
more difficult and relate to the subject-matter of the whole
chapter. Most of them are taken from scholarship and tripos
papers and from those set in the examinations of numerous colleges
and universities both in this country and the colonies.

The collection of subjects for essays is a new feature in
mathematical textbooks. Each eseay is intended to take about
one hour. I believe that these essays will be found useful in
leading the student to group together allied theorems in different
parts of the book, and in noticing how a theorem may have
applications in widely different subjects. In a few cases, a new

proof of a well-known theorem is outlined in the question or

a new method is indicated.

My thanks are due to my colleague Mr C. H. Richards, M.A.,
for the care with which he has read through the proofs and for
many useful suggestions. I should be grateful for notices of any
errors that may have escaped attention either in the text or
answers. '

CHARLES DAVISON.

BIRMINGHAM,
May 1912.
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LIST OF SYMBOLS

(@, a) denotes a complex quantity, of which @ is the modulus and a the
amplitude: Art. 39.

% denotes the positive root of \/(—1): Art. 42.
| 7| denotes the numerical value of : Art. 65.
¢ denotes the series 1+1/1!41/2!41/3!+...4+1/nt+...: Art. 93.

m, dgnotes the product of' the 7 factors m, m—1, m—2, ..., m—7+1, where m
is not necessarily an integer: Art. 82.

P, denotes the sum of the products, taken » at a time, of a given number of
quantities : Art. 19.

S, denotes the sum of » terms of a given series : Art. 65.

H,. denotes the sum of the homogeneous products, each of 7 dimensions, that
can be formed of a given number of letters : Art. 90,

&, denotes the number of homogeneous products, each of 7 dimensions, that
can be formed of a given number of letters : Exer. 16, No. 8.

S, denotes the sum of the 7th powers of the first » numbers: Art, 129,
o denotes the sum of the 7th powers of the roots of an equation : Art. 201.
M (n) denotes a multiple of n: Art. 333.

I (g) denotes the greatest integer in S: Art. 333.

¢ () denotes the number of integers less than 2 and prime to #: Art. 333.

Au,, denotes w1 —u,, A%u,=Au, 1~ Au,, where u;, s, ..., Uy, .. are the
successive terms of a series : Art. 139.

Lt f(«) denotes the limit towards which f(2) continually gpproaches and
g from which it can be made to differ as little as we please, when 2
approaches indefinitely nearly to the value @: Art. 180.

f' (%) denotes the differential coefficient of f(2) with respect to , that is, the
Timit off—(—’i’%i@ when 4 is indefnitely diminished ; Art; 184,

i (@), fo(), ... denote the Sturm’s functions of £ () : Art. 265.
1 1 1

a T sy denotes the continued fraction

: Art. 301.

gt

as+...
> denotes greater than or equal to : Answers to Exers. 11, 12, 42.
< denotes equal to or less than: Answers to Exers. 11, 12, 42.




PART I
_INTRODUCTION

CHAPTER I
BINOMIAL THEOREM: POSITIVE INTEGRAL INDEX

1. By continued multiplication, we know that
\ (a +b)=a*+ 2ab + b7,
and (a@+0b)*=a® + 3a’b+ 3ab® + b’
The object of the Binomial Theorem is to find the value of (a + b)",

where the index 7 is either positive or negative, integral or fractional.
. In the present chapter, thé case in which » is a positive integer will be

E T considered.
:\, ' The expression for (¢ + b)" in a series of powers of @ and b is called
Yane the expansion of (« + b)".
Since a+b=a(l+4)—>,
a .
it follows that (¢ +b)"=a" (1 + %) 1

Hence, the expansion of («+ )" may be obtained from the expansion
e
. of <1 + s> , or (1 +a)", where @ =b/a. Insome of the following articles,

it will be found convenient to use the expression (1 +2)", instead of the
slightly more general form (a + b)"

2. To expand (a+0b)"

Since @ +b is a homogeneous and symmetrical expression of the
first degree in @ and b, it follows that (¢ +0)" is a homogeneous
and symmetrical expression of the nth degree in @ and b. Since
its expansion is homogeneous, it must consist of such terms as
@, @b, ..., @V, oy @OV, ., @b B Since it is symmetrical L
with respect to @ and b, the coefficients «" and 5" must be equal, and
50 also those of @*~*b and ab"~?, of a"~"b" and a"b"-", ete.

D. H. A. 1




2 HIGHER ALGEBRA [PART 1

Now, (a + b)" is the product of 7 factors each equal to @ + b.

The term in @ is the product of the a’s in all the factors.. These
can be selected in one way only. Thus, the coefficient of «* and
therefore also of 4", is 1. .

The term in a"~? is the product of the a’s in 2 — 1 of the factors
and of the 4 in one. Now, 2—1 a’s can be chosen out of 7, or one
b out of », in ,0,, or n, ways. Thus, the coefficient of @"1b, and
therefore also of abd™, is n.

The term in @"~70" is the product of the @’s in # —» of the factors
and of the &’s in # of the factors. Now, 2—7 @’s can be chosen out of
n, or 7 U’s out of », in ,C, ways. Thus, the coefficient of a"-"0", and
therefore also of a™6" 7, is ,,C..

Thus, (@+b)"=a"+,0.a"b+,0;.a* b+ ...
iy O @0 4 504 DR+ O ab o b

n—1 e it
=a"+na""b+n—(——) a4 ...+ a* T+ ...

n!
2! ri(n—r)!
AT n (712—1 1) a‘lb11—'.‘+nab1z—l i bu.

Cor. 1. Since the indices of b in successive terms are respectively
0,1,2 8, ..., n it follows that the index of & in any term is less than
the number of the term by unity, and that the number of terms in the
expansion of (@ +b)" is n+ 1.

Cor. 2. Since the expansion of (¢ + b)" is symmetrical with respect

to @ and b, it follows that the coefficients of &"~"0" and a”d"" are
equ;ﬂ, that is, that the coefficients of terms equidistant from the

beginning and end are equal.

3. The binomial theorem may be proved more briefly by.the

method of induction.
Assume that

(@+ Bt =a 4401 @D+ ot Ory. @4, OGP TH L 4D
then
(a + b)"“ =(au ot l i nor—l : an-—r+1br—1 o nor 2 an—rbr_l_ SRl bu) (a s b) !
— @ ot (WO + ) @™ . 4 B
=g + ... +11+10T‘ atti-Tht + ... + O,

But we know the theorem to be true when 7 = 1. It is therefore true
., and therefore for all positive integral values of 7.

when =2, 3, ..
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" 4 Framplsl Expand () (a+BF, () (2a—3B)

() (a+bF=a"+5ath+2s qi* + 25 a2 + 5ab* + b°
5 1.2 2

s -

=a® + 5a'b + 104*0* + 10a*b® + 5ab* +b°.

: (i) (20— 30)'= (2a) + 4 (2a)° (— 3b) + ‘1‘: ° (20)" (- 3b

{ +4 (2a) (- 3b)*+ (- 3b)*
=16a*— 96ab + 216a°b* — 216ab® + 81b*,

o 5. To find the general, or. (r + 1)th, term in the expansion of
Ao+ b)*.
/ The index of b in any term is less than the number of the term by
unity,
*. the index of & in the (» + 1)th term is . But the sum of the

L indices of @ and b is #;
*. the index of @ is n—7-. g
The coeflicient is the nymber of ways of choosing 7 —7 «’s out of 2,
or 7 b’s out-of #, that is, ,C..
n—rphr n -
Y . the (» + 1)th term is 4O, . @™~ 70" or e T)'a" b
R -, o .
‘ﬁ" "i'\/ 6. Kzample 2. Find (i) the 8th term of (@ + )", (ii) the middle
-7 Lor i 1\ '
1 —9})8 3 o, S
o term of (¢ —2b)%, and (iii) the term in 2° in <2:z, 3.1:) i
[ (1) The 8th term of (a + b)) is
o :
by 100y . a7 or e 29 8 2¥ or 1204

(ii) Since there are 9 terms in the expansion of (@ —2b)°, there
are 4 terms on each side of the middle term, so that the middle term
is the 5th; ;

i . the middle term of (@ —20)® is

8.7.6.5
.804.04(—21)): T ma‘.T.b‘

or 70a'.165% or 1120ab*.
(iii) Let the term which contains 2* be the (» + 1)th term,
which is

26—1‘ .,vl'.’-'.’r

1 T
O, . (227 (—7) or (-1 4G .

; 3 or (—1).4C i wi=is .
' ¥ ‘ «gUr. 3,. . . ; \
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Novw, 12-8r=3 or r=3;
,' . the required term is
| 2 6.5.4 8 160
; —503.55.@“ or —m.m.w” or 57 2°.

v’ Eaxample 3. Find the term which contains 2" in the expansion of
(a* —22)*", and show that, to give a term in 2" r may have any
value from 0 to 37 if 2 be even, and from 0 to 3 (n—1) if n be odd.

Coefficient of 2" in the expansion of (2* — 22)"~"

\ = coefficient of " in the expansion of 2"~" (z—2)""
! = coeflicient of 27 in the expansion of (v —2)"~"
3 1 7(&??)‘! _(_9\n=-2r
,: —7‘I(n——27')!( 2)
! A £ n on—or (n oE 7.) ! o L NOP O
: =(-1)".2 TG a1 since (—1)*=1.
e
' Now, the least value of z— 27 is 0 if = be even, and 1 if » be odd ;
: *. 7 may have any value from 0 to 4z if % be even, and from 0 to
! 3 (n—1)if n be odd.
7. Since l+a)'=1+,0.2+...+,0. .27 +,0..2"+ ... +a";
A+a) P =(c+ WO @™ +,C,. "+ .. ) (L + @)
= ee + (1Cr1+ n0) @y + ..
\ Thus, as is evident also from Art. 3, the coefficient of 2" in the
7 4y expansion of (1 +a)"* is equal to the sum of the coefficients of 2" * and
' 2" in the expansion of (1+a)". This gives a simple method for deducing
the coefficients of a binomial expansion from those of the expansion in
! which the index is less by one. Thus, given
{ (L+a)P=1+3z+32" + 27,
1 we have

(1+.'z:)‘=1+(1+3)w+(3+3)w”+(3+1)a;3+w‘

=1+4a+ 627 + 42 + 2t
and

1 +fb‘)"=1+(1+4)“‘+(4+6)'7?2+(6+4).'z,“+(4+1)a;‘+m5
=1+5z+10z2+10a,'“+5a;4+ms’ :

and so on.







