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PREFACE

Tars book is the result of an attempt to bring within two
covers a wide region of pure mathematics. Knowledge is
assumed of that part of mathematics usually required for
matriculation, namely algebra to simultaneous quadratic equa-
tions and the substance of the first four books of Eueclid,
together with a very slight acquaintance with graphie algebra,
mensuration, and solid geometry. From this stage the work
is carried forward in algebra to the logarithmic series; in
co-ordinate geometry to the nature of the general conicoid ;
In trigonometry to the use of Euler’s expressions for the sine
and cosine, with a careful treatment of imaginary quantities
in caleculus to definite integration and to the maxima of
a function of % independent variables ;.together with the pure
geometry which is necessary for ‘the other subjects. It has
been the intention to include the bulk 6f the results obtained
in pure wathematics which admit of rigid proof of a fairly
easy character, and are needed by those who use pure mathe-
matics as an instrument in mechanics, engineering, physies,
chemistry, and economics. For this purpose a very great
deal that is ordinarily contained in text-books has heen
thrown aside, and only those theorems and formulae which
are of direct practical application or which are necessary to
lead to others of direct practical application are retained.

It bas also been the intention to give exact definitions and
strict proofs, of a more careful nature than those found in
many of the more diffuse and elementary books ; only two
difficulties bhave been intentionally glozed over, viz. the
nature of continuity and the nature of irrationals. Continuity
is Dest understood after a considerable knowledge of pro-
cesses and of functions is obtained ; experience must precede
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definition ; in this ook the appeal is to graphic experience,
and the solution of equations and the determination of
maxima and minima are treated to some extent empirically.
The modern theory of irrationals is evidently unnecessary
except for the mathematical specialist. Nevertheless the great
majority of the functions which are tabulated in mathe-
matical tables, as being of specially practical use, ave irrational
for nearly all values of the variables, and therefore the method
of the passage from rational to irrational, from commensurable
%o incommensurable, must be faced. In this book two methods
are used : one, in trigonometry and analytical geometry, uses
the assumption that all numerical quantities concerned can
be measured by the distance between two points on a straight
line ; in the other, in logarithms, limits, &e., irrationals are
always approximated to by the use of neighbouring rationals.

It is very commonly the case in text-books that powers
are interpreted, and the exponential theorem proved, on the
assumption that the index is rational, and that then they are
forthwith used for logarithms which are irrational. In this,
and several other cases, a quite unpretentious attempt has
been made to restore to elementary mathematics part of the
_ exactness which writers have sacrificed in the desire to make
the subject easy and attractive. In particular the theory of
imaginary quantities has been recast. I have nover been
able to understand, nor to believe in the logical justification
of, the accepted treatment of imaginaries ; in effect it generally
begins ‘let ¢ be a quantity such that X1 ="— 1’, and continues
‘ multiplication by ¢ can be represented by rotation of a
quantity through a right angle’; but the latter process is
only illustrative and does not make a definition, and the
former involves two conceptions in one definition, viz. ¢ and
multiplication, and there is nothing in any previous use of
% to show how it is to be applied when the multiplier is not
real. Further, the meaning of + in the expression &+t is
never defined.

T have therefore based the work quite differenfly, namely
on the use of an operator which when repeated reverses the
sign of the quantity operated on, and have followed with
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definitions of and rules for the use of the symbols used. So
far as I know this method has not hitherto been used in just
this way, though all the ideas involved are quite familiar, and
have been since the time of Hamilton’s invention of qua-
ternions. It appears that writers of elementary text-books
have been content to follow each other in Cauchy’s steps, and
that mathematical pioneers have not had occasion to level
out this particular field.

Of the overgrowth of algebra, trigonometry, and ¢ conic
sections’ that has been cut away, much is purely traditional
(as Euclid’s treatment of proportion), much is the invention of
the compiler of the ecramming text-hook, much of the pedagogue
anxious to occupy his boys' time. Here Ratio, Proportion,
Variation and Progressions are reduced to a very small bulk ;
Indices are only developed as leading to logarithms (till we
come to series); Permutations and Combinations are only
wanted for the Binomial series, except for the specialist in the
Theory of Probability ; trigonometrical identities are reduced
to a utilitarian minimum,

There seems no reason why the best years of a scholar’s life
should be devoted to the Conic Section, treated geometri-
cally and analytically in Cartesian co-ordinates. Geometrical
Conies is a barren field, till it is impregnated by modern
geometry. The controversy between Descartes and his con-
temporaries has still a vicious influence in the separation of
geometry from analysis and the duplication of proofs. The
sixty pages of Section VI will be found to contain the most
familiar elementary analytical results! as well as many of
the more purely geometrical properties, together with what is
much more important—a complete analysis of the equation of
the second degree. The time thus saved allows an excursion
in Section IX into three dimensions, where the plane analysis
can be reviewed from without, and where many methods and
results of great importance to the physicist and to other

1 Except co-axal circles, which belong to elementary geometry, and the
equations of two straight lines and their bisectors, which are only a special
case.
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applied mathematicians are brought down from the heaven
of advanced, bulky, and expensive treatises where they have
mostly resided.

The book is intended to form a protest against the multi-
plication and separation of mathematical subjects, and against
the enormous waste of time involved in the course now
generally followed in the upper forms of Schools and the
pass work of Universities, that results in most students, who
are not mathematical specialists but want the subject for
further use, never arriving at any general knowledge of the
methods or theorems they need. Otherwise there has been
no definite aim at originality. The order of treatment has
been recast in detail, always with the idea of reaching
important and advanced results by the simplest and shortest
legitimate route, but most of the proofs are those given in one
known treatment ov another. The first six sections have been
developed, so far as choice of order and proofs is concerned, in
lectures at University College, Reading, and the London
School of Economics. In many cases 1 have subsequently
found in new text-books methods and proofs I had already
in use, showing, I hope, that the treatment is consonant with
modern ideasof teaching. I trustthat Thavenot unintentionally
used proofs without acknowledgement which other recent
writers have discovered and whose origin I have forgotten.

The first three sections are cut down to their minimum, as
it is expected that readers will in fact have some preliminary
acquaintance with the subject-matter and only need a syste-
matic revision. Logarithmic solution of triangles is omitted,
since it is unnecessary for the sequel, and land-surveyors and
others who have practical work to do will in any case need
a separate book. Seetion VII does not pretend to be more
than an introduction to the Caleulus, though (as modern
writers bave shown) many of the most useful results can be
obtained in a very brief argument. Mathematical physicists
and many other scientists cannot do without a guch moxre
claborate and general treatment. The short and easy subject
of Spherical Trigonometry is omitted as being mainly of
specialist use and readily accessible.
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It is hoped that the book will supply a general and accurate
view of that intermediate region of pure mathematics on
which are based many of the results used in other subjects.
Specialists in any branch will need in addition a treatise
relating to the subject-matter of their profession. It may
also afford a convenient book of reference to teachers, who
now and again want proofs and methods outside their routine.
It should form a useful means of revision of the principal
body of theory neceded in the pass examinations of modern
Universities. It is not intended. for the immature or for
those whose mind is not naturally mathematical, and it will
not in itself afford sufficient experience in the handling of
mathematical expressions—that should be obtained in con-
nexion with the particular branch which may be specially
needed.

My thanks are due to my colleagues Miss L. Asheroft and
My, H. Knapman, who read critically the original manuseript ;
to Mr. G. W. Palmer (of Christ's Hospital), who has made
many valuable suggestions at various stages of the work ; and
especially to my colleague Mr. J. P. Clatworthy, who has
worked critically point by point through the manuseript and
proof at every stage and has drawn the diagrams.

A. L. BOWLEY.
Unxiversity CoLLEGE, READING,
March, 19183.



Nore.—The reader can proceed to the great part of
Section VI immediately after Section IV, and thence to
Section IX. Also Section VIII can be taken immediately
after Section V, and the great part of Section VII can he
followed without reference to Section VI.







