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Abstract 
In this study, we develop one-parameter family of fifth order iterative scheme for finding simple zeros of nonlinear 
equations. In terms of computational cost, this proposed scheme involves four evaluations of the given function 
and its first-order derivative per iteration. Various numerical examples are demonstrated to compare the 
performance of developed scheme with existing schemes of same order. To verify how well our scheme works in 
practise, we apply them to solve the Van der Waals equation of state. Moreover, the dynamics of the proposed 
method is demonstrated and compare it with other existing fifth order iterative methods. 
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1. Introduction 

In various branches of mathematical and 
engineering science, finding an analytic 
solution of nonlinear equation of the form f (x) 
= 0; f : D ⊆ R → R is not always possible and 
easy. Therefore, the numerical perspective, to 
obtain the approximate solution, is 

indispensable and extensively used in many 

real word problems. 
One of the most known one-step optimal 
quadratically convergent iterative scheme for 
the solution of such nonlinear equation is 
classical Newton method (see [1, 2]), given by 

 (1)

 
In recent years, researchers have made many 
modifications in classical Newton method to 
accelerate the or- der of convergence at the 

cost of additional functional evaluations per 
step. For this reason, several higher order 
multi-step iterative schemes have been 
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proposed and analyzed using the different 
techniques including Taylor series, 
decomposition techniques, quadrature 
formulas and homotopy perturbation (see[1]-
[3] and the reference therein). For example: 
Chebyshev method (see [1]), Weerakon and 
Fernando[4], Ostrowski’s square root 
method[3], Halley[5] etc. are popular third 
order methods utilizing the evaluations of f , f 
′and f ′′ per step. However Kou et al.[6], cordero 

et al.[7] and chun et al.[8] have developed 
fourth order methods that requires two 
evaluations of f and one evaluation of f ′. Some 
fifth order methods are proposed by 
Abbasbandy[9], Grau 
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et al.[10], kou et al.[11] which requires the 

evaluation of f , f ′and f ′′ per step. King[12], 
Ham et al.[13], Fang et al.[14], Ghanbari[15], 
Sharma[16], Sivakumar et al.[17] and 
Bawazir[18] have introduced fifth order 

method requiring two evaluations of f and f ′ 
each per iteration. 
In particular, Jain[19] introduced third order 
method requiring one f and two f ′ evaluations per 
step, stated as 

 
 
 

 
 

In the present paper, we formulate iterative 
method based on the above mentioned step 
(2). As a consequence, the order of 
convergence is improved from three to five for 
new one. This new iterative method requires 
four evaluations per cycle. The rest of the 
paper is organized as follows: Section 2 
describes the development of our fifth order 
iterative scheme and its local order of 
convergence is also analyzed. Some particular 

cases are discussed in same section. 
Comparison of presented method with some 
existing methods of fifth order in series of 
numerical illustrations is presented in Section 
3. Section 4 is devoted to visualize and 
approximate the basin of attraction of 
proposed method with comparison to other 
existing fifth order iterative methods. Finally, 
we draw some conclusions in Section 5. 

 

2. Development of the scheme 
We here propose a fifth-order iterative scheme for solving the nonlinear equation 

 
For practical applications, the above scheme can also be expressed as the following three step iterative scheme: 
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Convergence of the Scheme 
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This error equation reveals that the proposed scheme (4) reaches the fifth order convergence. This completes 
the proof. 

 
Some Particular cases 

Considering some particular cases of the proposed scheme (4) depending upon the parameter β .
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3.Numerical illustrations 
In this section, some numerical examples are 
studied to illustrate the efficiency and 
performance of the new developed methods. 
We compare the new developed method with 
quadratically convergent classical Newton 
method(NM) defined by (1) and some existing 

fifth order methods in literature. Note that we 
do all computa- tion work using Mathematica 
software(version 13). We conceive an 
approximate solution rather than the 
exactroot. The total number of iterations(TNIs) 
are listed by using the stopping criteria  

 
 

 
 

When the stoping criteria is satisfied, xk+1 is 
taken as the computed root α. It is well-known 
fact that, in case of multi-step iterative 
schemes, a fast convergence can be attained if 
initial approximation is sufficiently near to the 
sought root; for this reason, a special attention 
should be paid to finding suitable initial 

approximation [1]. Moreover, any iterative 
scheme may be divergent when initial 
approximation is far away from the exact 
root.For exhibiting numerical results of 
equivalent methods, few methods from 
literature are given below: 

 
 
 

 
 
 

8977



NeuroQuantology | September 2022 | Volume 20 | Issue 11 | Page 8973-8986| doi: 10.48047/NQ.2022.20.11.NQ66898 
Anshu et al/ One parameter fifth order family of iterative methods for solving nonlinear Equations and Basins of Attraction 

  

 eISSN1303-5150                                        www.neuroquantology.com                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     
                                                                                                                                                             
                                                                                                                             

 

 

 
 
 
 
 

 
 
 
 
 
 
 
 
 

 8978



NeuroQuantology | September 2022 | Volume 20 | Issue 11 | Page 8973-8986| doi: 10.48047/NQ.2022.20.11.NQ66898 
Anshu et al/ One parameter fifth order family of iterative methods for solving nonlinear Equations and Basins of Attraction 

  

 eISSN1303-5150                                        www.neuroquantology.com                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     
                                                                                                                                                             
                                                                                                                             

 

 
 

Table 1: The following test functions, with their approximate root and initial approximation, are used for 
numer- ical verification:  

 
Table 2: TNIs derived for different methods with different functions 

 

Functions f1, 
x0 = 3.5 

f2, 
x0 = 3.5 

f3, 
x0 = −1.0 

f4, 
x0 = 2.0 

f5, 
x0 = 1.7 

f6, 
x0 = 1.0 

f7, 
x0 = 9.0 

f8, 
x0 = 4.2 

f9, 
x0 = 1.7 

NM 7 12 6 5 5 7 4 7 4 
AM 4 6 4 4 4 4 3 5 NC 
HM 6 10 5 5 4 7 4 6 4 
FM 5 9 17 4 3 6 3 6 3 
SM 3 5 NC 3 2 4 2 4 3 
KM 4 6 4 3 2 4 2 4 NC 
ZM 3 5 3 3 2 3 2 4 2 
BM 3 5 3 3 2 4 2 4 3 
M1 4 6 3 3 3 4 2 4 3 

M2 3 5 3 3 2 3 2 4 2 
M3 4 6 4 3 3 4 2 5 3 

 
Table 1 shows the test functions, their approximate roots α and initial approximation x0. Table 2 lists the total 
number of iterations (TNIs) in order to find the approximate root α for different methods and our schemes. NC 
in this table shows that method does not converge to the root. Now, we are trying to find the solution of Vander 
Waals equation for n moles of a real gas[22], in chemistry, which states as: 
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By using the particular values for unknown constants, one can obtain the following nonlinear equation[23] having 
three roots: V1 = 0.08711382076846549,V2 = 0.160376838796332436,V3 = 12.651099337114208865. 

2V 3 − 25.79718V 2 + 6.29V − 0.353498 = 0 (26) 
 

Table 3: Comparison of TNIs for solving Van der Waals equation with an initial approximation V0 
 

V0 Root(α) NM AM HM FM SM KM ZM BM M1 M2 M3 

0 0.08711382076846549 7 4 7 6 3 4 5 4 4 3 4 
4 0.160376838796332436 11 9 9 10 5 6 5 7 6 5 7 
15 12.65109933711420886 7 5 7 5 4 4 4 4 4 4 4 

 
Table 4: Comparison of TNIs for solving Van der Waals equation with an initial approximation V0 = 7 

 

NM AM HM FM SM KM ZM BM M1 M2 M3 

11 12 64 11 8 7 9 7 6 7 16 

 
Table 3 shows the comparision of TNIs of 
different methods for different initial 
approximation. KM [20], HM [13] converge in 
four and seven iterations resp. for V0 = 0 and 
NM (1) converges in 11 iterations for V0 = 4 by 
satisfying the stopping criteria |xk+1 − xk| < 
10−15. Table 4 presents the TNIs derived for 
various iterative fifth order schemes for solving 
Van der Waals equation by taking initial 
approximation V0 = 7. In which NM, FM, SM, 
ZM, BM, M2, M3 converge to V1 = 
0.08711382076846549 and AM, KM, M1 
converge to V2 = 0.160376838796332436. 
Moreover, NM and AM converge to the root by 
satisfying the stopping criteria 
|xk+1 − xk| < 10−15. 

3. Basins of Attraction on the Complex Plane 
In this section, we are studying the dynamical 

behavior of above mentioned fifth order 
iterative methods by gen- erating basins of 
attraction for three different polynomials. 
Actually, basin of attraction is an approach to 
visually comprehend how an iterative method 
acts as a function of the various starting points. 
Stewart [24] was the first one who generate 
the basins to compare classical newton method 
with various other methods of different orders. 
Following [25] and [26], we take a grid of 256 × 
256 points in square [−2, 2] × [−2, 2] ⊆ C, 
containing all the roots of corresponding 
nonlinear equation f (z) = 0 and we use the 
iterative method beginning with each z0 of the 
square. We assign each point z0 a color in 
accordance with the simple root that the 
associated orbit of the iterative method, 
starting from z0, converges. If after at most 20 
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z 

iterations the orbit has a distance to any of the 
roots that is greater than 10−3, we label the 
point z0 as black, meaning that the orbit does 
not converge to a root. This is the way to 
differentiate the basin of attraction by their 
color for various methods. 

 
We consider our first test problem p1(z) = z3 − 

1, Fig 1 exhibits that the proposed methods M1, 
M2, seems to construct larger basins of 
attraction than AM, HM, KM, ZM and M3, 
almost competitive basins of attraction as FM, 
SM and BM, smaller basins of attraction than 
NM. 
For the second test problem p2(z) = z4 − 1, Fig 2 
displays the fractal graph of polynomial p2(z). 
One can acknowledge that the proposed 
methods M1 and M2, seems to produce almost 
competitive basins of attraction as NM and 
larger than AM, HM, FM, SM, KM, ZM, BM and 
M3. 
In our third test problem p3(z) = z4 − 1  ,Fig 3 presents 
that the proposed method M2 seems to produce 
larger 
 
basin of attraction than AM, HM, KM, ZM, M1 
and M3, almost competitive basins of attraction 
as NM, FM, SM and BM. From above pictures, 
we can conclude that the behavior and 
suitability of any method depending upon the 

circumstances and are sensitive to the choice 
of initial guess. 

 

4. Concluding remarks 
In this article, we have constructed three step 
fifth order iterative scheme for exploring 
simple roots of nonlin- ear equations. The 
numerical examples have confirmed that the 
newly developed scheme can compete with the 
standard version of Newton method as well as 
a variety of other schemes that operate in the 
same domain. Con- sequently, this new 
iterative scheme can be used as an alternative 
to existing schemes or in some cases, where 
existing schemes are not successful. However, 
these schemes have their own domain of 
validity. The displayed basins of attraction also 
interpret the good performance of the newly 
developed methods as compared to other 
existing fifth order methods in the literature. Its 
efficiency index is equal to 1.4953 which is 
better than Newton method 1.4142. 
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(d) FM (e) SM (f) KM 

 
(g) ZM (h) BM (i) M1 

 
(j) M2 (k) M3 

Fig 1: Basins of attraction of iterative methods for p1(z) = z3-1 
 

   
 

(a) NM (b) AM (c) HM 
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(d) FM (e) SM (f) KM 

 
(g) ZM (h) BM   z (i) M1 

 
(j) M2 (k) M3 

            Fig 2: Basins of attraction of iterative methods for p2(z) = z4-1. 
 

   
 

(a) NM (b) AM (c) HM 
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(d) FM (e) SM (f) KM 

 
(g) ZM (h) BM (i) M1 

 
(j) M2 (k) M3 

Fig 3: Basins of attraction of iterative methods for p (Z) = 𝑧4 − 1. 
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