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Abstract

In this study, we develop one-parameter family of fifth order iterative scheme for finding simple zeros of nonlinear
equations. In terms of computational cost, this proposed scheme involves four evaluations of the given function
and its first-order derivative per iteration. Various numerical examples are demonstrated to compare the
performance of developed scheme with existing schemes of same order. To verify how well our scheme works in
practise, we apply them to solve the Van der Waals equation of state. Moreover, the dynamics of the proposed
method is demonstrated and compare it with other existing fifth order iterative methods.
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1. Introduction indispensable and extensively used in many

In various branches of mathematical and
engineering science, finding an analytic

real word problems.
One of the most known one-step optimal

solution of nonlinear equation of the form f (x)
=0; f: DS R - R is not always possible and
easy. Therefore, the numerical perspective, to

obtain the approximate solution, is
Vel —x 1 (xi)
Yl =X — 7

f(xx)

In recent years, researchers have made many
modifications in classical Newton method to
accelerate the or- der of convergence at the

eISSN1303-5150

guadratically convergent iterative scheme for
the solution of such nonlinear equation is
classical Newton method (see [1, 2]), given by

(1)

cost of additional functional evaluations per
step. For this reason, several higher order
multi-step iterative schemes have been
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proposed and analyzed using the different
techniques including Taylor series,
decomposition techniques, guadrature
formulas and homotopy perturbation (see[1]-
[3] and the reference therein). For example:
Chebyshev method (see [1]), Weerakon and
Fernando[4], Ostrowski’s square root
method[3], Halley[5] etc. are popular third
order methods utilizing the evaluations of f, f
‘and f" per step. However Kou et al.[6], cordero
et al.[10], kou et al.[11] which requires the

evaluation of f, f ‘and f " per step. King[12],
Ham et al.[13], Fang et al.[14], Ghanbari[15],

Sharma[16], Sivakumar et al.[17] and
Bawazir[18] have introduced fifth order
o 1=
Xer1 =X — flxe) [ ﬁ +— fjl TAR
X)) f(x —E:,'I.'x’l'}}

In the present paper, we formulate iterative
method based on the above mentioned step
(2). As a consequence, the order of
convergence is improved from three to five for
new one. This new iterative method requires
four evaluations per cycle. The rest of the
paper is organized as follows: Section 2
describes the development of our fifth order
iterative scheme and its local order of
convergence is also analyzed. Some particular

2. Development of the scheme

. BER)

et al.[7] and chun et al.[8] have developed
fourth order methods that requires two
evaluations of f and one evaluation of f . Some

fifth order methods are proposed by
Abbasbandy[9], Grau
*Corresponding author. E-mail addresses:
anshulkcw@gmail.com (Anshu), rajni
daviet@yahoo.com (R. Sharma),

bahl.ashu@rediffmail.com (A. Bahl).

method requiring two evaluations of f and f
each per iteration.

In particular, Jain[19] introduced third order
method requiring one f and two f " evaluations per
step, stated as

{0}

cases are discussed in same section.
Comparison of presented method with some
existing methods of fifth order in series of
numerical illustrations is presented in Section
3. Section 4 is devoted to visualize and
approximate the basin of attraction of
proposed method with comparison to other
existing fifth order iterative methods. Finally,
we draw some conclusions in Section 5.

We here propose a fifth-order iterative scheme for solving the nonlinear equation

a =x—flu) | = ﬁ Y ﬁ' e
I ixx ) _}"'I_.I’_{. TIF ;.,1-1;-I :
[1-—2ﬁ 2 ]

X1 =4 — fla) T +— —
[ %) i — ﬁ anert ] ]J

. B =R\ {0}.

(i3

For practical applications, the above scheme can also be expressed as the following three step iterative scheme:
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S )

HER T )

o pn T ()

w=nm PG P o

west =z (1-28) L&) 55 T@) g py (o

) ™ Fw)

4)
Convergence of the Scheme
Theorem . Let f: D C R — R, be areal valued function defined on D, where D is a neighborhood of a simple
zero & of f(x). Suppose that f(x) is sufficiently smooth in D and differentiable in the neighborhood of ¢, then
the iterative scheme defined by (4) has order of convergence at least five.
Proof. Let
e =X — 0,8, =V, — 0. & =z — O (5)
Using Taylor’s expansion of #{xx) and f'(xx) about ¢ and assuming that f{a) = 0, (o) # 0 we write
flag) = fFex) [ek +Aze] +Azef +Asel +Ase] +Agel + O{ei)] s (6)
) = £l [1+Zflgek+3A3e§+4A4e;+5Aje:+6A5eg+0[eg)]. @ 8975

1,
where A; = E_f’(a).
From (6) and (7), we get

S(x)
Fix)

Using (8) in the first step of the scheme (4), we get

=& —Aszep +2(AT —A3)el +(—4A] 1 TAA; —3A4)el L O(e]). (8)

L N R T s, Lo N 4 s
& = (l —2B)ek+2BAzek— B[Az—Ag_]ék-l—zB (445 —TA2A3 +3A4)e; + O ).

9)
Now, the following expansion of () about ¢, is obtained by using the above result
Fw) = Fle)[1 + 2428 + 3438 +4448] + 0(F])]
= f(e)[1 + Crex + Caef + Creg + O(ef)], o
where
1 1 132 —2 3 1 13
C=2(1—=—= )4, &= —A2+3(1—— Az, C3 = —=(A3 —AqA; +—(I——)A A«+4(I—— Ag.
1 ( 25)__32 26 3= g _.)5 35 )z 38 4
From (6) and (10), we have
)
;'((:i\l = [ex + Eef +Ele£ + O(e;:]] . 11y
where
2_ 16 2 _8p2 —
b= V=B g (8BP—16B+4)a3+ (87 +126 —3)as
B 45
Using (8) and (11) in the second sub-step of the proposed scheme (4) and simplifying
& = [Hiel+Hael +0(])] | a
where
(88 —4)AT + (3 —4p)A; 4(7p —9B% —1)A3 + (4852 —30B +6)AA; —2 (682 — 68 +1) A,
H) = B - L H = = B2 R
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Using Taylor’s expansion of f(z;) about &, we have
f@)=f@[a+aei +0@)|. )
Employing (7), (10) and (13) in third and last step of the proposed scheme (4) and simplifying
. 16(65% — 5B +1)A3 —4(24B8% — i‘;ﬁ +6)434; +3(862 - 108 +3]A§€;+ (&),
This error equation reveals that the proposed scheme (4) reaches the fifth order convergence. This completes

the proof.

Some Particular cases
Considering some particular cases of the proposed scheme (4) depending upon the parameter 8

Method 1. If we take 8 = 1 then the scheme is designated as M and read as

o 1 flx)
=TI )’
P— fxx)
S )

flz) o, flz)

AT PED TP
(14)
Method 2. For § = % then the scheme designated as M; and read as
o Sl
BT w)
ooV f) 1 f(u)
- 27 @) 2 (n)
_ . f&)
it )
(15)
Method 3. If we take 8 = —1 then the scheme is designated as M3 and read as
1 f(xi)
.\'k = X - Ef"(_\'k:' 3
i)  flx)
=g 2 k] :
=BT P )
flz) f(z)
Xpyl =% — 3= +2—=
e fixx) i 0%)
(16)
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3.Numerical illustrations
In this section, some numerical examples are
studied to illustrate the efficiency and
performance of the new developed methods.
We compare the new developed method with
quadratically convergent classical Newton
method(NM) defined by (1) and some existing

fifth order methods in literature. Note that we
do all computa- tion work using Mathematica
software(version 13). We conceive an
approximate solution rather than the
exactroot. The total number of iterations(TNIs)
are listed by using the stopping criteria

(@)X — x| < 0.5 % 10717

(B)|f(xs1)] < 0.5 10717,

When the stoping criteria is satisfied, X1 is
taken as the computed root a. It is well-known
fact that, in case of multi-step iterative
schemes, a fast convergence can be attained if
initial approximation is sufficiently near to the
sought root; for this reason, a special attention
should be paid to finding suitable initial

Abbasbandy method (AM)[9] is given by:

o J(x)
M= )
) (x) ) ()
Xyl = Ve — I = .
217 (x) 217 (x)

Ham et al. method (HM)[13] is given by:

L f(xk)
= )’
fiwe) fve)+37(%)
Xkl =Nk —

Fe) 55 0) — f(xe)

Fang et al. method (FM)[14] is given by:

o S )
AT

S2(x)+ 3% ) fn)
Xpyel =¥ —

FHa)+T0n) f(%)

eISSN1303-5150

approximation [1]. Moreover, any iterative
scheme mfay be divergent when initial
approximation is far away from the exact
root.For exhibiting numerical results of
equivalent methods, few methods from
literature are given below:

(17)

(18)

(19)
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Sharma method (SM)[16] is given by:

2 flx)
M =4 — Em
R Trba)  fla)
2 () 3 0w)— fixw)

(20)

Kumar et al. method (KM)[20] is stated as:

Ve =X — ;L[{ii}]

(xe) + Fly
‘?'ki|:xk_%e
Xkyl — 3k ]_M
Xk 4 Zh+ _f"[_}'k] i

Zang et al. method (ZM)[21] is state
Flxx)

WS T Py
fn)  fw)

ST ) Tl — 27 0w)
S )
Ak & f’{.‘q}‘

Bawazir method (BM)[18] is given |

o fl)
WER T

_ S0 Fu
S TV R TTe

elSSN1303-5150
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Table 1: The following test functions, with their approximate root and initial approximation, are used for
numer- ical verification:

fi(x) Root(a) Initial approximation(xg)
i) =@x—1) -1 2.00000000000000000 3.5
)= 01 3,00000000000000000 3.5
fi(x) = sin*x —x* + 1 -1.40449164821534122 -1.0
filx) =x"— e —3x+2 0.25753028543986076 2.0
f5(x) = cosx —x 0.73908513321516064 1.7
folx) = 112" —1 0.8041330975036643 1.0
filx=vx+ % -3 8.20085936938158960 9
falx) = sinv+ In(x2 + 1) 3.23756298402392131 4.2
fo(x)=x—3In(x) 1.85718386020783533 1.7

Table 2: TNIs derived for different methods with different functions

Functions | fi, f fs fa, fs fe, fn fe fo
Xo = 3.5 Xo = 3.5 Xo=—1.0 Xo = 2.0 Xo = 1.7 Xo = 1.0 Xo=9.0 X0=4.2 Xo = 1.7

NM 7 12 6 5 5 7 4 7 4
AM 4 6 4 4 4 4 3 5 NC
HM 6 10 5 5 4 7 4 6 4
FM 5 9 17 4 3 6 3 6 3
SM 3 5 NC 3 2 4 2 4 3
KM 4 6 4 3 2 4 2 4 NC
M 3 5 3 3 2 3 2 4 2
BM 3 5 3 3 2 4 2 4 3
My 4 6 3 3 3 4 2 4 3
M 3 5 3 3 2 3 2 4 2
M3 4 6 4 3 3 4 2 5 3

Table 1 shows the test functions, their approximate roots a and initial approximation xo. Table 2 lists the total
number of iterations (TNIs) in order to find the approximate root « for different methods and our schemes. NC
in this table shows that method does not converge to the root. Now, we are trying to find the solution of Vander
Waals equation for n moles of a real gas[22], in chemistry, which states as:

eISSN1303-5150
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(24)

{P+ T%I} (V. —nb) =nRT

where P=Pressure, V=Volume, T=Temperature. R=Molar Gas Constant, n=Number of moles of Gas, a=Constant

and b=Constant. This equation reduces to a nonlinear equation which is given by:

PV? — (nbP+nRT )WV +an*V —an*b =0 (23)

By using the particular values for unknown constants, one can obtain the following nonlinear equation[23] having
three roots: V1 =0.08711382076846549,V, = 0.160376838796332436,V5 = 12.651099337114208865.

2V3-25.79718V %+ 6.29V - 0.353498 = 0

(26)

Table 3: Comparison of TNIs for solving Van der Waals equation with an initial approximation Vo

Table 4: Comparison of TNIs for solving Van der Waals equation with an initial approximation Vo =7

NM |AM

HM [FM SM

KM

/M |BM | M1 | M, | M3

11 12 64 (11 8

7

9 7 6 7 16

Table 3 shows the comparision of TNIs of
different methods for different initial
approximation. KM [20], HM [13] converge in
four and seven iterations resp. for Vo = 0 and
NM (1) converges in 11 iterations for Vo = 4 by
satisfying the stopping criteria |Xik1 — Xk| <
107, Table 4 presents the TNIs derived for
various iterative fifth order schemes for solving
Van der Waals equation by taking initial
approximation Vo = 7. In which NM, FM, SM,
/M, BM, M, Ms; converge to Vi =
0.08711382076846549 and AM, KM, M,
converge to V, = 0.160376838796332436.
Moreover, NM and AM converge to the root by
satisfying the stopping criteria

[ Xks1 = Xk | <1072,

3. Basins of Attraction on the Complex Plane
In this section, we are studying the dynamical
eISSN1303-5150

&

behavior of above mentioned fifth order
iterative methods by gen- erating basins of
attraction for three different polynomials.
Actually, basin of attraction is an approach to
visually comprehend how an iterative method
acts as a function of the various starting points.
Stewart [24] was the first one who generate
the basins to compare classical newton method
with various other methods of different orders.
Following [25] and [26], we take a grid of 256 x
256 points in square [-2, 2] x [-2, 2] € C,
containing all the roots of corresponding
nonlinear equation f (z) = 0 and we use the
iterative method beginning with each z, of the
square. We assign each point zp a color in
accordance with the simple root that the
associated orbit of the iterative method,
starting from zo, converges. If after at most 20

Www.neuroquantology.com

Vo | Root(a) NM |AM |HM | FM | SM [ KM |ZM | BM | M: | M, | Ms
0 |0.08711382076846549 |7 |8 7 6 13 |4 |5 |4 |4 3 |a
4 |0.160376838796332436 11 |9 |9 00 6 |5 |7 6 |5 |7
15 | 12.65109933711420886 7 5 7 |5 |4 |4 |4 |4 |4 |4 |a 8980
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iterations the orbit has a distance to any of the
roots that is greater than 1073, we label the
point zo as black, meaning that the orbit does
not converge to a root. This is the way to
differentiate the basin of attraction by their
color for various methods.

We consider our first test problem pi(z) = 2> -

1, Fig 1 exhibits that the proposed methods M,
M,, seems to construct larger basins of
attraction than AM, HM, KM, ZM and M;,
almost competitive basins of attraction as FM,
SM and BM, smaller basins of attraction than
NM.
For the second test problem p,(z) = z* - 1, Fig 2
displays the fractal graph of polynomial p,(z2).
One can acknowledge that the proposed
methods M, and M,, seems to produce almost
competitive basins of attraction as NM and
larger than AM, HM, FM, SM, KM, ZM, BM and
Ms.

In our third test problem ps(z) = 2* - 1 ,Fig 3 presents
that the proposed method M, seems te produce

larger

basin of attraction than AM, HM, KM, ZM, M,
and M3, almost competitive basins of attraction
as NM, FM, SM and BM. From above pictures,
we can conclude that the behavior and
suitability of any method depending upon the

(a) NM

elSSN1303-5150

circumstances and are sensitive to the choice
of initial guess.

4. concluding remarks

In this article, we have constructed three step
fifth order iterative scheme for exploring
simple roots of nonlin- ear equations. The
numerical examples have confirmed that the
newly developed scheme can compete with the
standard version of Newton method as well as
a variety of other schemes that operate in the
same domain. Con- sequently, this new
iterative scheme can be used as an alternative
to existing schemes or in some cases, where
existing schemes are not successful. However,
these schemes have their own domain of
validity. The displayed basins of attraction also
interpret the good performance of the newly
developed methods as compared to other
existing fifth order methods in the literature. Its
efficiency index is equal to 1.4953 which is
better than Newton method 1.4142.
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(j) M2 (k) M3
Fig 1: Basins of attraction of iterative methods for p1(z) = z3-1

(c) HM
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(j) M2 (k) M3
Fig 2: Basins of attraction of iterative methods for p2(z) = z*-1.

(c) HM
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(8) ZMm (h) BM (i) M1

(i) M2 (k) M3

Fig 3: Basins of attraction of iterative methods for p (Z) = z* - .
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