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Abstract

The investigation of mathematics underlines accuracy, precision, and flawlessness, yet in numerous genuine
circumstances, individuals face equivocalness, ambiguity, imprecision, and so forth. Intuitionistic fuzzy set
theory, rough set theory, and soft set theory are three noble techniques in mathematics that are utilised
for decision-making in vague and uncertain information systems. Intuitionistic fuzzy algebra-based math
plays a huge part in the current era of mathematical research, and it deals with the algebraic concepts
and models of intuitionistic fuzzy sets. The investigation of different ordered algebraic structures, like
lattice-ordered groups, Riesz spaces, etc., is of great importance in algebra. The theory of lattice-ordered
G-modules is very useful in the study of lattice-ordered groups and similar algebraic structures. In
this article, the theories of intuitionistic fuzzy sets and lattice-ordered G-modules are synchronised in
a reasonable way to develop a novel concept in mathematics, i.e., intuitionistic fuzzy lattice-ordered
G-modules, which would pave the way for new researchers in intuitionistic fuzzy mathematics to explore
much more in this field.

Keywords: Intuitionistic fuzzy lG-ideal, G-cut set, G-support, Lattice Ordered G-module, lG-module
Homomorphism.

1|Introduction
The concept of ordering, which led to the origin of lattice theory, has a significant place in the study of
mathematics [11, 12, 26]. The concepts of lattices and many algebraic structures have been combined by many
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researchers to form various ordered algebraic structures, including ortho modular posets, Boolean algebras,
relation algebras, lattice ordered groups, lattice ordered rings and so on. The structure of lattice-ordered groups
and their properties have been studied in [5, 6, 9, 24, 29]. Lattice-ordered rings, fields and Riesz spaces are
discussed in detail in [6, 17, 24].

A lattice-ordered module theory, i.e., l-module theory with two lattice-ordered structures [28] has been an
extension of semi-order structures theory in way that it not only extends the real domain of semi-order structure
to l–commutative unitary ring, but also the analytical properties of l–module can be systematically investigated.
At the same time, applying the extended semi-order structure theory to game theory, i.e., lattice-valued game
theory, will also enlarge the research area and application scope of game theory [30]. Ursala and Isaac introduced
the notion of lattice ordered G-modules in [27]. The theory of ordered algebraic structures is an emerging trend
in the area of mathematical research. Besides mathematics, studying ordered algebraic structures has many
applications in game theory, analytic and computer science [9, 24, 26, 30].

The idea of intuitionistic fuzzy sets was first published by Atanassov [1, 2, 3] as a generalisation of the
notion of fuzzy sets given by Zadeh [31]. The theory of intuitionistic fuzzy sets has proven to be a more
effective tool to deal with uncertain, vague, and incomplete information systems. It has helped to apply
mathematical tools to handle ambiguity and imprecision in many situations, like data mining, knowledge
discovery, approximate reasoning, and decision-making. Since then, many algebraic concepts have been
combined with the theory of intuitionistic fuzzy sets to develop a new branch in mathematics: intuitionistic
fuzzy algebra [4]. Various novel algebraic structures, like intuitionistic fuzzy groups, intuitionistic fuzzy rings,
intuitionistic fuzzy modules, etc., have thus developed in mathematics. The concepts of intuitionistic fuzzy
lattices and intuitionistic fuzzy G-modules have been studied by Thomas and Nair [25] and Sharma [21, 22],
respectively. The invention of intuitionistic fuzzy lattice-ordered M-groups by Makandar and Lokhande [18] is an
important milestone in the progress of both the theories of intuitionistic fuzzy sets and ordered algebraic structures.

The author is mainly interested in the study of G-modules and neutrosophic triplet G-modules have been
studied in [15] and [23]. In this paper, the author looks forward to combining the theories of intuitionistic
fuzzy lattices and intuitionistic fuzzy G-modules to introduce the new concept of intuitionistic fuzzy
lattice-ordered G-modules. Further, some properties due to group action and ordered structures in an
intuitionistic fuzzy lG-submodule have been explored. In addition to this, it has been proven that the set of all
intuitionistic fuzzy lG-ideals of lG-module M forms a complete lattice under set inclusion. Finally, the homomor-
phic behaviour of intuitionistic fuzzy lG-ideals and those of intuitionistic fuzzy lG-modules have been investigated.

Section 2 recalls some of the basic definitions of lattice-ordered G-modules. Section 3 introduces the concept of
intuitionistic fuzzy lattice-ordered G-modules, and some of its properties are studied. Section 4 deals with the
impact of the group action involved in the intuitionistic fuzzy lattice-ordered G-module. Section 5 defines the
notion of intuitionistic fuzzy lattice-ordered G-ideals and discusses some of its properties. Section 6 deals with
the lattice-ordered G-module homomorphism and some related results. The author concludes in Section 7 with
the possible research work that can be done further in the fields of intuitionistic fuzzy algebra and representation
theory.

2|Preliminary Concepts
Some basic definitions that will be needed in the sequel are given in this section. For crisp algebraic concepts,
one may refer the books [8] and [10], and for more basic definitions related with lattice ordered G-modules, one
may refer to [27].

Definition 0.1. ([5]) A lattice-ordered group, or l-group, is an algebra (G,∧,∨, ·,−1 , 1) such that

(1) (G,∧,∨) is a lattice

(2) (G, ·,−1 , 1) is a group and
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(3) Muliplication is compatible with the order, i.e.,
if g ≤ h implies a · g · b ≤ a · h · b, for all a, b, g, h ∈ G.

Example 0.2. ([24]) The following are the examples of l-group

(1) (Z,min,max,+,−, 0), (Q,min,max,+,−, 0), (R,min,max,+,−, 0).

(2) Z× Z, Q× R. (product order, i.e., (a, b) ≤ (c, d) if and only if a ≤ c and b ≤ d)

(3) Z−→×R (lexi order, i.e., (a, b) ≤ (c, d) if and only if a ≤ c, or a = c and b ≤ d)

(4) Aut(P ) for any totally ordered set P under the natural ordering.

It has been shown in [6] that in a l-group G the following properties hold

(1) a · (g ∧ h) = (a · g) ∧ (a · h)

(2) a · (g ∨ h) = (a · g) ∨ (a · h)

(3) g ∧ h = h · (g ∨ h)−1 · g, for all a, g, h ∈ G.

Definition 0.3. ([6]) If G1 and G2 are l-groups. Then the mapping φ : G1 → G2 is called an l-homomorphism
if φ is both a group homomorphism and a lattice homomorphism, i.e.,

(i) φ(g · h) = φ(g) · φ(h);

(ii) φ(g ∧ h) = φ(g) ∧ φ(h);

(ii) φ(g ∨ h) = φ(g) ∨ φ(h) for all g, h ∈ G1.

Definition 0.4. [24] “A subgroup H of G is called an l-subgroup of G if H is a sublattice of G."

Definition 0.5. [24] “The positive part of an element g in an l-group G is g+ = g ∨ e. The negative part of g is
g− = g ∧ e and the modulus of g is |g| = g ∨ g−1 = g+ · (g−)−1 and |g| = g+ · g− and e = g+ ∧ g− ."

The set G+ = {g ∈ G : g ≥ e} is termed as the positive cone in G, and its elements are termed as positive.
Similarly, −G+ = {g ∈ G : −g ∈ G+} is termed as negative cone in G. It is proved in [24] that if G is a
semi-group with identity element e such that G+ ∩ −G+ = {e}, then G+ is a normal subset in G. Moreover, G
is an l-group if and only if G+ generates G and G+ is a lattice under the induced order.

Definition 0.6. [6, 9, 24] “An ordered vector space is a real vector space M which is also an ordered space
with the linear and order structures connected by the implications

(1) If x, y, z ∈M and x ≤ y, then x+ z ≤ y + z

(2) If x, y ∈M , x ≤ y and 0 ≤ α ∈ R, then αx ≤ αy."

Definition 0.7. [6, 9, 24] “An ordered vector space which is also a lattice is a vector lattice or Riesz space."

Example 0.8. [6, 9, 24] “The usual or standard order on Rn is that in which (x1, x2, ...., xn) ≤ (y1, y2, ...., yn)
means that xi ≤ yi for i = 1, 2, ..., n. This order makes Rn into a vector lattice in which

(x1, x2, ...., xn) ∨ (y1, y2, ...., yn) = (x1 ∨ y1, x2 ∨ y2, ...., xn ∨ yn) and
(x1, x2, ...., xn) ∧ (y1, y2, ...., yn) = (x1 ∧ y1, x2 ∧ y2, ...., xn ∧ yn)."

Definition 0.9. [6, 9, 24] “A vector sublattice of a vector lattice is simply a vector subspace which is also a
sublattice."

Definition 0.10. ([16]) Let (G, ∗) be a group and S a non-empty set. Then the map φ : G × S → S, with
φ(g, x), written as g · x, is an action of G on S if and only if for all g, h ∈ G, x ∈ S

(1) (g ∗ h) · x = g · (h · x),
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(2) e · x = x, where e is the identity element of the group G.

We assume that M be an ordered vector space and G = Aut(M) be a group of automorphism of M . Then G
acts on M defined by φ(g, x) = g(x), i.e., g · x = g(x).

Definition 0.11. [19, 27] “Let G be an l-group. A vector lattice M is called a lattice ordered G-module or
an lG-module if for every g ∈ G and x ∈ M , there exists a product g · x ∈ M (called the action of G on M)
satisfying the following axioms

(1) e · x = x

(2) (g ∗ h) · x = g · (h · x)

(3) g · (rx+ sy) = r(g · x) + s(g · y)

(4) (g · x) ∧ (h · y) = (g ∧ h) · (x ∧ y) and (g · x) ∨ (h · y) = (g ∨ h) · (x ∨ y), ∀g, h ∈ G, x, y ∈M, r, s ∈ R."

Every lattice ordered G-module can be identified as the action of the lattice ordered group G on the underlying
vector lattice of M which is equivalent to an l-group homomorphism φ : G→ Aut(M) defined by sending each
g ∈ G to an automorphism φg : M →M as x 7→ g · x.

Example 0.12.

(i) The action of Z on Rn is an example of a lattice ordered G-module.

(ii) LetM be a lG-module. A vector sublattice N ofM is a lG-submodule if N is also a lattice ordered G-module
under the same action of G

(iii) Let G = {−1, 1}. Then R is an lG-module over Q under the natural ordering and for any irrational number
“r”; Q(r) is an lG-submodule of R.

Definition 0.13. [27] “Let M be an lG-module. A vector sublattice N of M is a lattice ordered G-submodule
or an lG-submodule if N is also a lattice ordered G-module under the same action of G."

Definition 0.14. [27] “Let M be an lG-module. A non-empty subset I of M is called a G-ideal of M if

(1) I is a G-submodule of M

(2) For i, j ∈ I implies i ∨ j ∈ I

(3) For i ∈ I, x ∈M implies i ∨ x ∈ I."

Definition 0.15. [27] “Let M be an lG-module. A non-empty subset F of M is called a G-filter of M if

(1) F is a G-submodule of M

(2) For i, j ∈ F implies i ∧ j ∈ F

(3) For i ∈ F , x ∈M implies i ∧ x ∈ F ."

Definition 0.16. [31] “A fuzzy set A on a non-empty set X is represented by A = {〈x, µA(x)〉 : x ∈ X}, where
the function µA : X → [0, 1] denote the degree of membership of the element x ∈ X in A".

Definition 0.17. [2, 3] “An intuitionistic fuzzy set (IFS) A in X can be represented as an object of the form
A = {〈x, µA(x), νA(x)〉 : x ∈ X}, where the functions µA : X → [0, 1] and νA : X → [0, 1] denote the degree of
membership (namely µA(x)) and the degree of non-membership (namely νA(x)) of each element x ∈ X to A
respectively and 0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X."

Remark 0.18. [2, 3]

(i) “When µA(x) + νA(x) = 1,∀x ∈ X. Then A is called a fuzzy set.
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(ii) An IFS A = {〈x, µA(x), νA(x)〉 : x ∈ X} is briefly written as A(x) = (µA(x), νA(x)), ∀x ∈ X. We denote by
IFS(X) the set of all IFSs of X.

(iii) If p, q ∈ [0, 1] such that p+ q ≤ 1. Then A ∈ IFS(X) defined by µA(x) = p and νA(x) = q, for all x ∈ X,
is called a constant intuitionistic fuzzy set of X. Any IFS of X defined other than this is referred to as a
non-constant intuitionistic fuzzy set."

“If A,B ∈ IFS(X), then A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x),∀x ∈ X. For any subset
Y of X, the intuitionistic fuzzy characteristic function χY is an intuitionistic fuzzy set of X, defined as
χY (x) = (1, 0),∀x ∈ Y and χY (x) = (0, 1),∀x ∈ X\Y . Let α, β ∈ [0, 1] with α + β ≤ 1. Then the crisp set
A(α,β) = {x ∈ X : µA(x) ≥ α and νA(x) ≤ β} is called the (α, β)-level cut subset of A. Moreover, the set
{x ∈ X : µA(x) > 0 and νA(x) < 1} is called the support of the IFS A and is denoted by A∗. Also the IFS x(α,β)
of X defined as x(α,β)(y) = (α, β), if y = x, otherwise (0, 1) is called the intuitionistic fuzzy point (IFP) in X with
support x. By x(α,β) ∈ A we mean µA(x) ≥ α and νA(x) ≤ β. Further, if f : X → Y is a mapping and A,B be
respectively IFS of X and Y . Then the image f(A) is an IFS of Y is defined as µf(A)(y) = sup{µA(x) : f(x) = y},
νf(A)(y) = inf{νA(x) : f(x) = y}, for all y ∈ Y and the inverse image f−1(B) is an IFS of X is defined as
µf−1(B)(x) = µB(f(x)), νf−1(B)(x) = νB(f(x)), for all x ∈ X, i.e., f−1(B)(x) = B(f(x)), for all x ∈ X.[21]"

Definition 0.19. ([25]) “Let A ∈ IFS(L). Then A is called an intuitionistic fuzzy lattice (IFL) of L, if for all
x, y ∈ L, the followings are satisfied

(i) µA(x ∨ y) ≥ µA(x) ∧ µA(y); (ii) µA(x ∧ y) ≥ µA(x) ∧ µA(y);

(iii) νA(x ∨ y) ≤ νA(x) ∨ νA(y); (iv) νA(x ∧ y) ≤ νA(x) ∨ νA(y)."

Definition 0.20. ([4]) “Let A ∈ IFS(G). Then A is called an intuitionistic fuzzy group (IFG) of G, if for all
x, y ∈ G, the followings are satisfied

(i) µA(x ∗ y) ≥ µA(x) ∧ µA(y); (ii) νA(x ∗ y) ≤ νA(x) ∨ νA(y);

(iii) µA(x−1) = µA(x); (iv) νA(x−1) = νA(x)."

3|Intuitionistic fuzzy lattice ordered G-modules
Definition 0.21. ([16]) The group action of G on an IFS A of a vector lattice M is denoted by Ag and is defined
as Ag = {〈x, µAg (x), νAg (x)〉 : x ∈ M}, where µAg (x) = µA(xg) and νAg (x) = νA(xg) for every x ∈ M, g ∈ G.
[Note that here xg = g(x)]

Definition 0.22. ([16]) An IFS A of a vector lattice M is said to be G-invariant if Ag = A,∀g ∈ G.

Example 0.23. Consider M = Z2 × Z2 = {(0, 0), (1, 0), (0, 1), (1, 1)} and H = Z2 × {0} = {(1, 0), (0, 0)},
K = {0} × Z2 = {(0, 0), (0, 1)} and N = {(0, 0), (1, 1)}, where Z2 be the group of integers modulo 2. Clearly, M
is a vector lattice. Also, here H, K and N are vector-sub-lattices of M .
Consider the IFS A on M defined as

µA((x, y)) =
{

1, if (x, y) ∈ H
0.5, if (x, y) /∈ H

; νA((x, y)) =
{

0, if (x, y) ∈ H
0.3, if (x, y) /∈ H.

Now, G = Aut(M) = {g1 = i, g2, g3, g4, g5, g6} be the group of automorphisms of M , where

g1 = {(0, 0)→ (0, 0); (0, 1)→ (0, 1); (1, 0)→ (1, 0); (1, 1)→ (1, 1)}
g2 = {(0, 0)→ (0, 0); (0, 1)→ (1, 1); (1, 0)→ (1, 0); (1, 1)→ (0, 1)}
g3 = {(0, 0)→ (0, 0); (0, 1)→ (0, 1); (1, 0)→ (1, 1); (1, 1)→ (1, 0)}
g4 = {(0, 0)→ (0, 0); (0, 1)→ (1, 0); (1, 0)→ (0, 1); (1, 1)→ (1, 1)}
g5 = {(0, 0)→ (0, 0); (0, 1)→ (1, 0); (1, 0)→ (1, 1); (1, 1)→ (0, 1)}
g6 = {(0, 0)→ (0, 0); (0, 1)→ (1, 1); (1, 0)→ (0, 1); (1, 1)→ (1, 0)}.
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Here µAg ((x, y)) = µA(g(x, y)) and νAg ((x, y)) = νA(g(x, y)), for all (x, y) ∈M, g ∈ G.
Now, it is easy to see that, for g = g1 or g2, Ag = A and for g = g4 or g5 ∈ G, Ag is given by

µAg ((x, y)) =
{

1, if (x, y) ∈ K
0.5, if (x, y) /∈ K

; νAg ((x, y)) =
{

0, if (x, y) ∈ K
0.3, if (x, y) /∈ K.

Also, for g = g3 or g6 ∈ G, Ag is given by

µAg ((x, y)) =
{

1, if (x, y) ∈ N
0.5, if (x, y) /∈ N

; νAg ((x, y)) =
{

0, if (x, y) ∈ N
0.3, if (x, y) /∈ N.

Theorem 0.24. Let A be an IFS of a vector lattice M and G be a finite group which acts on M such that A is
both IFL as well as IFG of M . Then Ag satisfying the following assertions:

(1) µAg (rx+ sy) ≥ µAg (x) ∧ µAg (y) and νAg (rx+ sy) ≤ νAg (x) ∨ νAg (y);

(2) µAg (x ∧ y) ≥ µAg (x) ∧ µAg (y) and νAg (x ∧ y) ≤ νAg (x) ∨ νAg (y);

(3) µAg (x ∨ y) ≥ µAg (x) ∧ µAg (y) and νAg (x ∨ y) ≤ νAg (x) ∨ νAg (y), ∀x, y ∈M, r, s ∈ R, g ∈ G.

Proof : (1)

µAg (rx+ sy) = µA((rx+ sy)g) = µA(g(rx+ sy)) = µA(rg(x) + sg(y))
≥ µA(g(x)) ∧ µA(g(y))
= µA(xg) ∧ µA(yg)
= µAg (x) ∧ µAg (y).

Thus µAg (rx+ sy) ≥ µAg (x) ∧ µAg (y). Similarly, we can prove νAg (rx+ sy) ≤ νAg (x) ∨ νAg (y).

(2)

µAg (x ∧ y) = µA((x ∧ y)g) = µA(g.(x ∧ y)) = µA((g.x) ∧ (g.y))
≥ µA(g.x) ∧ µA(g.y)
= µAg (x) ∧ µAg (y).

Thus µAg (x ∧ y) ≥ µAg (x) ∧ µAg (y). Similarly, we can prove νAg (x ∧ y) ≤ νAg (x) ∨ νAg (y).

(3)

µAg (x ∨ y) = µA((x ∨ y)g) = µA(g.(x ∨ y)) = µA((g.x) ∨ (g.y))
≥ µA(g.x) ∧ µA(g.y)
= µAg (x) ∧ µAg (y).

Thus µAg (x ∨ y) ≥ µAg (x) ∧ µAg (y). Similarly, we can prove νAg (x ∨ y) ≤ νAg (x) ∨ νAg (y).

�

Definition 0.25. Let G be an l-group, and M be an lG-module. An intuitionistic fuzzy subset A of M is said
to be an intuitionistic fuzzy lattice ordered G-submodule or an intuitionistic fuzzy lG-module if

(1) µA(rx+ sy) ≥ µA(x) ∧ µA(y) and νA(rx+ sy) ≤ νA(x) ∨ νA(y);

(2) µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x);

(3) µA(x ∧ y) ≥ µA(x) ∧ µA(y) and νA(x ∧ y) ≤ νA(x) ∨ νA(y);

(4) µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y), ∀x, y ∈M, r, s ∈ R, g ∈ G.

Remark 0.26. From Definition (0.25), we observe that an IFS A, which is both G-invariant IFL as well as
G-invariant IFG of an lG-module M is called an intuitionistic fuzzy lG-module.
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Example 0.27. Consider the field of rational numbers Q. Then M = Q(
√

2) is an ordered field with standard
order a+

√
2b < c+

√
2d if and only if (c− a) + (d− b)

√
2 > 0. Also, M is a lattice ordered G-module over Q

with G = Aut(M) = {i, g}, and the group action is defined as g · (a+
√

2b) = g(a+
√

2b) = (a−
√

2b), where
a, b ∈ Q. Define the IFS A of M as

µA(x) =


1, if x = 0
0.5, if x ∈ Q \ {0}
0.25, if x ∈ Q(

√
2)\Q

; νA(x) =


0, if x = 0
0.3, if x ∈ Q \ {0}
0.6, if x ∈ Q(

√
2)\Q.

Now, it is easy to check that A is G-invariant IFS of M and satisfies all the conditions of Definition (0.25). Thus
A is an intuitionistic fuzzy lG-submodule of M .

Theorem 0.28. If A is an intuitionistic fuzzy lG-submodule of M , then for all x ∈M

(1) µA(0) ≥ µA(x) and νA(0) ≤ νA(x);

(2) µA(x+) ≥ µA(x) and νA(x+) ≤ νA(x);

(3) µA(x−) ≥ µA(x) and νA(x−) ≤ νA(x);

(4) µA(|x|) ≥ µA(x) and νA(|x|) ≤ νA(x).

Proof : (1) µA(0) = µA(x+−x) ≥ µA(x) ∧ µA(−x) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(0) ≤ νA(x).

(2) µA(x+) = µA(x ∨ 0) ≥ µA(x) ∧ µA(0) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(x+) ≤ νA(x).

(3) µA(x−) = µA(x ∧ 0) ≥ µA(x) ∧ µA(0) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(x−) ≤ νA(x).

(4) µA(|x|) = µA(x+ − x−) ≥ µA(x+) ∧ µA(x−) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(|x|) ≤ νA(x). �

Theorem 0.29. Let A be an intuitionistic fuzzy lG-submodule of M . If A∗ 6= ∅, then it is an lG-submodule of
M .

Proof : Let x, y ∈ A∗. Then µA(x) > 0, νA(x) < 1 and µA(y) > 0, νA(y) < 1. Then, for every r ∈ R, we have
µA(rx+ y) ≥ µA(x) ∧ µA(y) > 0 and νA(rx+ y) ≤ νA(x) ∨ νA(y) < 1 implies rx+ y ∈ A∗. Also, for any g ∈ G,
we have
µA(g · x) ≥ µA(x) > 0 and νA(g · x) ≤ µA(x) < 1. This implies g · x ∈ A∗.
Further, we have µA(x ∧ y) ≥ µA(x) ∧ µA(y) > 0 and νA(x ∧ y) ≤ νA(x) ∨ νA(y) < 1.
Similarly, we can show that µA(x ∨ y) > 0 and νA(x ∨ y) < 1. This implies that x ∧ y, x ∨ y ∈ A∗.
Hence A∗ is an lG-submodule of M . �

Example 0.30. Let N be an lG-submodule of M . Define an IFS A on M by

µA(x) =
{
p, if x ∈ N
s, if x /∈ N

; νA(x) =
{
q, if x ∈ N
t, if x /∈ N.

where p > s, q < t ∈ [0, 1] such that p+ q ≤ 1 and s+ t ≤ 1. Then, A is an intuitionistic fuzzy lG-submodule of
M .

Proof : Let x, y ∈M, g ∈ G be any element and a, b ∈ R. Then we have the following cases:

Case(i) When x, y ∈ N . In this case, µA(x) = p, νA(x) = q and µA(y) = p, νA(y) = q.
As N is an lG-submodule of M , so ax+ by, x ∧ y, x ∨ y, g · x ∈ N . Then we have



148 Sharma P.K | J. Fuzzy. Ext. Appl. 5(1) (2024) 141-158

µA(ax+ by) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(ax+ by) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(g · x) = p ≥ µA(x) and νA(g · x) = q ≤ νA(x).
µA(x ∧ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∧ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(x ∨ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∨ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).

Case(ii) When x ∈ N and y /∈ N . Then µA(x) = p, νA(x) = q and µA(y) = s, νA(y) = t.
Now ax+ by, x ∧ y, x ∨ y, g · x ∈M . We have the following subcases:

Subcase(i) When ax+ by, x ∧ y, x ∨ y, g · x ∈ N . Then we have
µA(ax+ by) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(ax+ by) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(g · x) = p ≥ µA(x) and νA(g · x) = q ≤ νA(x).
µA(x ∧ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∧ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(x ∨ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∨ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).

Subcase(ii) When ax+ by, x ∧ y, x ∨ y, g · y /∈ N . Then we have
µA(ax+ by) = s ≥ p ∧ s = µA(x) ∧ µA(y) and νA(ax+ by) = t ≤ q ∨ t = νA(x) ∨ νA(y).
µA(g · y) = s ≥ µA(y) and νA(g · y) = t ≤ νA(y).
µA(x ∧ y) = s ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∧ y) = t ≤ q ∨ t = νA(x) ∨ νA(y).
µA(x ∨ y) = s ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∨ y) = t ≤ q ∨ t = νA(x) ∨ νA(y).
Thus, all the conditions of Definition (0.25) are satisfied. Hence A is an intuitionistic fuzzy lG-submodule of
M . �

Theorem 0.31. If A is an intuitionistic fuzzy lG-submodule of M , then

A∗ = {x ∈M : µA(x) = µA(0) and νA(x) = νA(0)}

is an lG-submodule of M .

Proof : Let x, y ∈ A∗. Then for any r ∈ R, we have
µA(rx+ y) ≥ µA(x)∧µA(y) = µA(0)∧µA(0) = µA(0) and νA(rx+ y) ≤ νA(x)∨ νA(y) = νA(0)∨ νA(0) = νA(0).
But µA(0) ≥ µA(x) and νA(0) ≤ νA(x),∀x ∈M .
Therefore, rx+ y ∈ A∗. Also, for any g ∈ G, we have
µA(g · x) ≥ µA(x) = µA(0) and νA(g · x) ≤ µA(x) = µA(0) implies that g · x ∈ A∗.
Further, we have µA(x ∧ y) ≥ µA(x) ∧ µA(y) = µA(0) ∧ µA(0) = µA(0).
Similarly, we can show that νA(x ∧ y) = νA(0). Thus x ∧ y ∈ A∗.
In the same way, we can show that x ∨ y ∈ A∗. Hence A∗ is an lG-submodule of M . �

Theorem 0.32. An intuitionistic fuzzy subset A of M is an intuitionistic fuzzy lG-submodule of M if and only
if A(α,β) cut set of A, is an lG-submodule of M , for all α ≤ µA(0) and β ≥ νA(0), where α, β ∈ [0, 1] such that
α+ β ≤ 1.

Proof : Let A be an intuitionistic fuzzy lG-submodule of M .
Take α, β ∈ [0, 1] such that α+ β ≤ 1 with α ≤ µA(0) and β ≥ νA(0).
Let x, y ∈ A(α,β). Then µA(x) ≥ α, νA(x) ≤ β and µA(y) ≥ α, νA(y) ≤ β.
So, for any r ∈ R, we have
µA(rx+ y) ≥ µA(x) ∧ µA(y) ≥ α ∧ α = α and νA(rx+ y) ≤ νA(x) ∨ νA(y) ≤ β ∨ β = β. Thus, rx+ y ∈ A(α,β).
Also, for any g ∈ G, we have
µA(g · x) ≥ µA(x) ≥ α and νA(g · x) ≤ µA(x) ≤ β implies that g · x ∈ A(α,β). Further, we have
µA(x ∧ y) ≥ µA(x) ∧ µA(y) ≥ α ∧ α = α. Similarly, we have νA(x ∧ y) ≤ β. Thus x ∧ y ∈ A(α,β).
In the same way, we can show that x ∨ y ∈ A(α,β). Hence A(α,β) is an lG-submodule of M .

Conversely, suppose that A(α,β) is an lG-submodule of M , for all α ≤ µA(0) and β ≥ νA(0). Now, 0 ∈ A(α,β).
Let x, y ∈ M, g ∈ G and let µA(x) = α1, νA(x) = β1 and µA(y) = α2, νA(y) = β2. Then x ∈ A(α1,β1) and
y ∈ A(α2,β2). Then we have the following cases:
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Case(i) when α1 < α2 and β1 > β2, then x, y ∈ A(α1,β1) So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α1,β1) implies
that µA(rx + y) ≥ α1 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx + y) ≤ β1 = β1 ∨ β2 = νA(x) ∨ νA(y).
Similarly, we can show that µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x). Also, µA(x ∧ y) ≥ µA(x) ∧ µA(y) and
νA(x ∧ y) ≤ νA(x) ∨ νA(y). Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).

Case(ii) when α1 < α2 and β1 < β2, then x, y ∈ A(α1,β2) So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α1,β2) implies
that µA(rx + y) ≥ α1 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx + y) ≤ β2 = β1 ∨ β2 = νA(x) ∨ νA(y).
Similarly, we can show that µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x). Also, µA(x ∧ y) ≥ µA(x) ∧ µA(y) and
νA(x ∧ y) ≤ νA(x) ∨ νA(y). Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).

Case(iii) when α1 > α2 and β1 < β2, then x, y ∈ A(α2,β2) So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α2,β2) implies
that µA(rx + y) ≥ α2 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx + y) ≤ β2 = β1 ∨ β2 = νA(x) ∨ νA(y).
Similarly, we can show that µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x). Also, µA(x ∧ y) ≥ µA(x) ∧ µA(y) and
νA(x ∧ y) ≤ νA(x) ∨ νA(y). Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).

Case(iv) when α1 > α2 and β1 > β2, then x, y ∈ A(α2,β1) So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α2,β1) implies that
µA(rx+ y) ≥ α2 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx+ y) ≤ β1 = β1 ∨ β2 = νA(x) ∨ νA(y). Similarly, we can
show that µA(g ·x) ≥ µA(x) and νA(g ·x) ≤ νA(x). Also, µA(x∧y) ≥ µA(x)∧µA(y) and νA(x∧y) ≤ νA(x)∨νA(y).
Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).
Thus, from all the cases, we notice that A is an intuitionistic fuzzy lG-submodule of M . �

Theorem 0.33. Let A and B be two intuitionistic fuzzy lG-submodules of M . Then A ∩B is an intuitionistic
fuzzy lG-submodule of M .

Proof : Let x, y ∈M . Then for any r ∈ R, we have

µA∩B(rx+ y) = µA(rx+ y) ∧ µB(rx+ y)
≥ (µA(x) ∧ µA(y)) ∧ (µB(x) ∧ µB(y))
= (µA(x) ∧ µB(x)) ∧ (µA(y) ∧ µB(y))
= µA∩B(x) ∧ µA∩B(y).

Similarly, we can show νA∩B(rx + y) ≤ νA∩B(x) ∨ νA∩B(y). Also, for any g ∈ G, we have µA∩B(g · x) =
µA(g · x) ∧ µB(g · x) ≥ µA(x) ∧ µB(x) = µA∩B(x). Similarly, we can show that νA∩B(g · x) ≤ νA∩B(x). Further,
we have

µA∩B(x ∧ y) = µA(x ∧ y) ∧ µB(x ∧ y)
≥ (µA(x) ∧ µA(y)) ∧ (µB(x) ∧ µB(y))
= (µA(x) ∧ µB(x)) ∧ (µA(y) ∧ µB(y))
= µA∩B(x) ∧ µA∩B(y).

Similarly, we can show νA∩B(x ∧ y) ≤ νA∩B(x) ∨ νA∩B(y). In a same way, we can show that µA∩B(x ∨ y) ≥
µA∩B(x) ∧ µA∩B(y) and νA∩B(x ∨ y) ≤ νA∩B(x) ∨ νA∩B(y).
Thus, A ∩B is an intuitionistic fuzzy lG-submodule of M . �

Theorem 0.34. If {Ai : i ∈ I} is a family of intuitionistic fuzzy lG-submodules of M , then ∩i∈IAi is also an
intuitionistic fuzzy lG-submodule of M where

µ∩i∈IAi(x) = inf{µAi(x) : i ∈ I} and ν∩i∈IAi(x) = sup{νAi(x) : i ∈ I},∀x ∈M .
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Proof : Let x, y ∈M . Then for any r ∈ R
µ∩i∈IAi

(rx+ y) = inf{µAi
(rx+ y) : i ∈ I}

≥ inf{µAi
(x) ∧ µAi

(y) : i ∈ I}
= [inf{µAi

(x) : i ∈ I}] ∧ [inf{µAi
(y) : i ∈ I}]

= µ∩i∈IAi
(x) ∧ µ∩i∈IAi

(y).
Similarly, we can show ν∩i∈IAi

(rx+ y) ≤ ν∩i∈IAi
(x) ∨ ν∩i∈IAi

(y). Also, for any g ∈ G, we have µ∩i∈IAi
(g · x) =

inf{µAi
(g · x) : i ∈ I} ≥ inf{µAi

(x) : i ∈ I} = µ∩i∈IAi
(x).

Similarly, we can show ν∩i∈IAi(g · x) ≤ ν∩i∈IAi(x). Further, we have
µ∩i∈IAi

(x ∧ y) = inf{µAi
(x ∧ y) : i ∈ I}

≥ inf{µAi
(x) ∧ µAi

(y) : i ∈ I}
= [inf{µAi

(x) : i ∈ I}] ∧ [inf{µAi
(y) : i ∈ I}]

= µ∩i∈IAi
(x) ∧ µ∩i∈IAi

(y).
Similarly, we can show ν∩i∈IAi

(x ∧ y) ≤ ν∩i∈IAi
(x) ∨ ν∩i∈IAi

(y) and
µ∩i∈IAi

(x ∨ y) = inf{µAi
(x ∨ y) : i ∈ I}

≥ inf{µAi
(x) ∧ µAi

(y) : i ∈ I}
= [inf{µAi

(x) : i ∈ I}] ∧ [inf{µAi
(y) : i ∈ I}]

= µ∩i∈IAi
(x) ∧ µ∩i∈IAi

(y).
Similarly, we can show that ν∩i∈IAi

(x ∨ y) ≤ ν∩i∈IAi
(x) ∨ ν∩i∈IAi

(y). �

Thus, ∩i∈IAi is an intuitionistic fuzzy lG-submodule of M .

Definition 0.35. ([20]) Let A be any intuitionistic fuzzy set of M . Then 〈A〉 is called the intuitionistic fuzzy
lG-submodule of M generated by A. It is defined as

〈A〉 = ∩{B|A ⊆ B,B is an intuitionistic fuzzy lG-submodule of M}.

Following a similar technique as in [20], it is easy to prove that 〈A〉 is the smallest intuitionistic fuzzy lG-submodule
of M , which contains A.

Remark 0.36. Let C = {Ai|i ∈ I} denote the set of all intuitionistic fuzzy lG-submodules of M . Let
C′ = {Aj |j ∈ J ⊆ I} be any subset of C. The infimum and supremum of C′ are ∩{Aj |j ∈ J} and 〈∪{Aj |j ∈ J}〉
respectively. Thus, the set of all intuitionistic fuzzy lG-submodules of M forms a complete lattice under set
inclusion.

4|Impact of group action on an intuitionistic fuzzy lG-
submodule
Definition 0.37. ([16]) The group action of G on an IFS A of a vector lattice M is denoted by Ag and is defined
as Ag = {〈x, µAg (x), νAg (x)〉 : x ∈ M}, where µAg (x) = µA(xg) and νAg (x) = νA(xg) for every x ∈ M, g ∈ G.
[Note that here xg = g(x)]

Definition 0.38. ([16]) An IFS A of a vector lattice M is said to be G-invariant if Ag = A,∀g ∈ G.

Example 0.39. Consider M = Z2 × Z2 = {(0, 0), (1, 0), (0, 1), (1, 1)} and H = Z2 × {0} = {(1, 0), (0, 0)},
K = {0} × Z2 = {(0, 0), (0, 1)} and N = {(0, 0), (1, 1)}, where Z2 be the group of integers modulo 2. Clearly, M
is a vector lattice. Also, here H, K and N are vector-sub-lattices of M .
Consider the IFS A on M defined as

µA((x, y)) =
{

1, if (x, y) ∈ H
0.5, if (x, y) /∈ H

; νA((x, y)) =
{

0, if (x, y) ∈ H
0.3, if (x, y) /∈ H.
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Now, G = Aut(M) = {g1 = i, g2, g3, g4, g5, g6} be the group of automorphisms of M , where

g1 = {(0, 0)→ (0, 0); (0, 1)→ (0, 1); (1, 0)→ (1, 0); (1, 1)→ (1, 1)}
g2 = {(0, 0)→ (0, 0); (0, 1)→ (1, 1); (1, 0)→ (1, 0); (1, 1)→ (0, 1)}
g3 = {(0, 0)→ (0, 0); (0, 1)→ (0, 1); (1, 0)→ (1, 1); (1, 1)→ (1, 0)}
g4 = {(0, 0)→ (0, 0); (0, 1)→ (1, 0); (1, 0)→ (0, 1); (1, 1)→ (1, 1)}
g5 = {(0, 0)→ (0, 0); (0, 1)→ (1, 0); (1, 0)→ (1, 1); (1, 1)→ (0, 1)}
g6 = {(0, 0)→ (0, 0); (0, 1)→ (1, 1); (1, 0)→ (0, 1); (1, 1)→ (1, 0)}.

Here µAg ((x, y)) = µA(g(x, y)) and νAg ((x, y)) = νA(g(x, y)), for all (x, y) ∈M, g ∈ G.
Now, it is easy to see that, for g = g1 or g2, Ag = A and for g = g4 or g5 ∈ G, Ag is given by

µAg ((x, y)) =
{

1, if (x, y) ∈ K
0.5, if (x, y) /∈ K

; νAg ((x, y)) =
{

0, if (x, y) ∈ K
0.3, if (x, y) /∈ K.

Also, for g = g3 or g6 ∈ G, Ag is given by

µAg ((x, y)) =
{

1, if (x, y) ∈ N
0.5, if (x, y) /∈ N

; νAg ((x, y)) =
{

0, if (x, y) ∈ N
0.3, if (x, y) /∈ N.

Theorem 0.40. Let A be an IFS of a vector lattice M and G be a finite group which acts on M such that A is
both IFL as well as IFG of M . Then Ag satisfying the following assertions:

(1) µAg (rx+ sy) ≥ µAg (x) ∧ µAg (y) and νAg (rx+ sy) ≤ νAg (x) ∨ νAg (y);

(2) µAg (x ∧ y) ≥ µAg (x) ∧ µAg (y) and νAg (x ∧ y) ≤ νAg (x) ∨ νAg (y);

(3) µAg (x ∨ y) ≥ µAg (x) ∧ µAg (y) and νAg (x ∨ y) ≤ νAg (x) ∨ νAg (y), ∀x, y ∈M, r, s ∈ R, g ∈ G.

Proof : (1)
µAg (rx+ sy) = µA((rx+ sy)g) = µA(g(rx+ sy)) = µA(rg(x) + sg(y))

≥ µA(g(x)) ∧ µA(g(y))
= µA(xg) ∧ µA(yg)
= µAg (x) ∧ µAg (y).

Thus, µAg (rx+ sy) ≥ µAg (x) ∧ µAg (y). Similarly, we can prove νAg (rx+ sy) ≤ νAg (x) ∨ νAg (y).

(2)
µAg (x ∧ y) = µA((x ∧ y)g) = µA(g.(x ∧ y)) = µA((g.x) ∧ (g.y))

≥ µA(g.x) ∧ µA(g.y)
= µAg (x) ∧ µAg (y).

Thus, µAg (x ∧ y) ≥ µAg (x) ∧ µAg (y). Similarly, we can prove νAg (x ∧ y) ≤ νAg (x) ∨ νAg (y).

(3)
µAg (x ∨ y) = µA((x ∨ y)g) = µA(g.(x ∨ y)) = µA((g.x) ∨ (g.y))

≥ µA(g.x) ∧ µA(g.y)
= µAg (x) ∧ µAg (y).

Thus, µAg (x ∨ y) ≥ µAg (x) ∧ µAg (y). Similarly, we can prove νAg (x ∨ y) ≤ νAg (x) ∨ νAg (y).

�

Definition 0.41. Let G be an l-group, and M be an lG-module. An intuitionistic fuzzy subset A of M is said
to be an intuitionistic fuzzy lattice ordered G-submodule or an intuitionistic fuzzy lG-module if

(1) µA(rx+ sy) ≥ µA(x) ∧ µA(y) and νA(rx+ sy) ≤ νA(x) ∨ νA(y);
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(2) µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x);

(3) µA(x ∧ y) ≥ µA(x) ∧ µA(y) and νA(x ∧ y) ≤ νA(x) ∨ νA(y);

(4) µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y), ∀x, y ∈M, r, s ∈ R, g ∈ G.

Remark 0.42. From Definition (0.25), we observe that an IFS A which is both G-invariant IFL as well as
G-invariant IFG of an lG-module M is called an intuitionistic fuzzy lG-module.

Example 0.43. Consider the field of rational numbers Q. Then M = Q(
√

2) is an ordered field with standard
order a+

√
2b < c+

√
2d if and only if (c− a) + (d− b)

√
2 > 0. Also, M is a lattice ordered G-module over Q

with G = Aut(M) = {i, g}, and the group action is defined as g · (a+
√

2b) = g(a+
√

2b) = (a−
√

2b), where
a, b ∈ Q. Define the IFS A of M as

µA(x) =


1, if x = 0
0.5, if x ∈ Q \ {0}
0.25, if x ∈ Q(

√
2)\Q

; νA(x) =


0, if x = 0
0.3, if x ∈ Q \ {0}
0.6, if x ∈ Q(

√
2)\Q.

Now, it is easy to check that A is G-invariant IFS of M and satisfies all the conditions of Definition (0.41). Thus
A is an intuitionistic fuzzy lG-submodule of M .

Theorem 0.44. If A is an intuitionistic fuzzy lG-submodule of M , then for all x ∈M

(1) µA(0) ≥ µA(x) and νA(0) ≤ νA(x);

(2) µA(x+) ≥ µA(x) and νA(x+) ≤ νA(x);

(3) µA(x−) ≥ µA(x) and νA(x−) ≤ νA(x);

(4) µA(|x|) ≥ µA(x) and νA(|x|) ≤ νA(x).

Proof : (1) µA(0) = µA(x+−x) ≥ µA(x) ∧ µA(−x) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(0) ≤ νA(x).

(2) µA(x+) = µA(x ∨ 0) ≥ µA(x) ∧ µA(0) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(x+) ≤ νA(x).

(3) µA(x−) = µA(x ∧ 0) ≥ µA(x) ∧ µA(0) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(x−) ≤ νA(x).

(4) µA(|x|) = µA(x+ − x−) ≥ µA(x+) ∧ µA(x−) ≥ µA(x) ∧ µA(x) = µA(x).
Similarly, we can show that νA(|x|) ≤ νA(x). �

Theorem 0.45. Let A be an intuitionistic fuzzy lG-submodule of M . If A∗ 6= ∅, then it is an lG-submodule of
M .

Proof : Let x, y ∈ A∗. Then µA(x) > 0, νA(x) < 1 and µA(y) > 0, νA(y) < 1. Then, for every r ∈ R, we have
µA(rx+ y) ≥ µA(x) ∧ µA(y) > 0 and νA(rx+ y) ≤ νA(x) ∨ νA(y) < 1 implies rx+ y ∈ A∗. Also, for any g ∈ G,
we have
µA(g · x) ≥ µA(x) > 0 and νA(g · x) ≤ µA(x) < 1. This implies g · x ∈ A∗.
Further, we have µA(x ∧ y) ≥ µA(x) ∧ µA(y) > 0 and νA(x ∧ y) ≤ νA(x) ∨ νA(y) < 1.
Similarly, we can show that µA(x ∨ y) > 0 and νA(x ∨ y) < 1. This implies that x ∧ y, x ∨ y ∈ A∗.
Hence, A∗ is an lG-submodule of M . �
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Example 0.46. Let N be an lG-submodule of M . Define an IFS A on M by

µA(x) =
{
p, if x ∈ N
s, if x /∈ N

; νA(x) =
{
q, if x ∈ N
t, if x /∈ N.

where p > s, q < t ∈ [0, 1] such that p+ q ≤ 1 and s+ t ≤ 1. Then, A is an intuitionistic fuzzy lG-submodule of
M .

Proof : Let x, y ∈M, g ∈ G be any element and a, b ∈ R. Then we have the following cases:

Case(i) When x, y ∈ N . In this case µA(x) = p, νA(x) = q and µA(y) = p, νA(y) = q.
As N is an lG-submodule of M , so ax+ by, x ∧ y, x ∨ y, g · x ∈ N . Then we have
µA(ax+ by) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(ax+ by) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(g · x) = p ≥ µA(x) and νA(g · x) = q ≤ νA(x).
µA(x ∧ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∧ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(x ∨ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∨ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).

Case(ii) When x ∈ N and y /∈ N . Then µA(x) = p, νA(x) = q and µA(y) = s, νA(y) = t.
Now ax+ by, x ∧ y, x ∨ y, g · x ∈M . We have the following subcases:

Subcase(i) When ax+ by, x ∧ y, x ∨ y, g · x ∈ N . Then we have
µA(ax+ by) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(ax+ by) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(g · x) = p ≥ µA(x) and νA(g · x) = q ≤ νA(x).
µA(x ∧ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∧ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).
µA(x ∨ y) = p ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∨ y) = q ≤ q ∨ t = νA(x) ∨ νA(y).

Subcase(ii) When ax+ by, x ∧ y, x ∨ y, g · y /∈ N . Then we have
µA(ax+ by) = s ≥ p ∧ s = µA(x) ∧ µA(y) and νA(ax+ by) = t ≤ q ∨ t = νA(x) ∨ νA(y).
µA(g · y) = s ≥ µA(y) and νA(g · y) = t ≤ νA(y).
µA(x ∧ y) = s ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∧ y) = t ≤ q ∨ t = νA(x) ∨ νA(y).
µA(x ∨ y) = s ≥ p ∧ s = µA(x) ∧ µA(y) and νA(x ∨ y) = t ≤ q ∨ t = νA(x) ∨ νA(y).
Thus, all the conditions of Definition (0.25) are satisfied. Hence A is an intuitionistic fuzzy lG-submodule of
M . �

Theorem 0.47. If A is an intuitionistic fuzzy lG-submodule of M , then

A∗ = {x ∈M : µA(x) = µA(0) and νA(x) = νA(0)}

is an lG-submodule of M .

Proof : Let x, y ∈ A∗. Then, for any r ∈ R, we have
µA(rx+ y) ≥ µA(x)∧µA(y) = µA(0)∧µA(0) = µA(0) and νA(rx+ y) ≤ νA(x)∨ νA(y) = νA(0)∨ νA(0) = νA(0).
But µA(0) ≥ µA(x) and νA(0) ≤ νA(x),∀x ∈M .
Therefore, rx+ y ∈ A∗. Also, for any g ∈ G, we have
µA(g · x) ≥ µA(x) = µA(0) and νA(g · x) ≤ µA(x) = µA(0) implies that g · x ∈ A∗.
Further, we have µA(x ∧ y) ≥ µA(x) ∧ µA(y) = µA(0) ∧ µA(0) = µA(0).
Similarly, we can show that νA(x ∧ y) = νA(0). Thus x ∧ y ∈ A∗.
In a same way, we can show that x ∨ y ∈ A∗. Hence A∗ is an lG-submodule of M . �

Theorem 0.48. An intuitionistic fuzzy subset A of M is an intuitionistic fuzzy lG-submodule of M if and only
if A(α,β) cut set of A, is an lG-submodule of M , for all α ≤ µA(0) and β ≥ νA(0), where α, β ∈ [0, 1] such that
α+ β ≤ 1.

Proof : Let A be an intuitionistic fuzzy lG-submodule of M .
Take α, β ∈ [0, 1] such that α+ β ≤ 1 with α ≤ µA(0) and β ≥ νA(0).
Let x, y ∈ A(α,β). Then µA(x) ≥ α, νA(x) ≤ β and µA(y) ≥ α, νA(y) ≤ β.
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So, for any r ∈ R, we have
µA(rx+ y) ≥ µA(x) ∧ µA(y) ≥ α ∧ α = α and νA(rx+ y) ≤ νA(x) ∨ νA(y) ≤ β ∨ β = β. Thus, rx+ y ∈ A(α,β).
Also, for any g ∈ G, we have
µA(g · x) ≥ µA(x) ≥ α and νA(g · x) ≤ µA(x) ≤ β implies that g · x ∈ A(α,β). Further, we have
µA(x ∧ y) ≥ µA(x) ∧ µA(y) ≥ α ∧ α = α. Similarly, we have νA(x ∧ y) ≤ β. Thus x ∧ y ∈ A(α,β).
In the same way, we can show that x ∨ y ∈ A(α,β). Hence, A(α,β) is an lG-submodule of M .

Conversely, suppose that A(α,β) is an lG-submodule of M , for all α ≤ µA(0) and β ≥ νA(0). Now, 0 ∈ A(α,β).
Let x, y ∈ M, g ∈ G and let µA(x) = α1, νA(x) = β1 and µA(y) = α2, νA(y) = β2. Then x ∈ A(α1,β1) and
y ∈ A(α2,β2). Then we have the following cases:

Case(i) when α1 < α2 and β1 > β2, then x, y ∈ A(α1,β1). So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α1,β1) implies
that µA(rx + y) ≥ α1 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx + y) ≤ β1 = β1 ∨ β2 = νA(x) ∨ νA(y).
Similarly, we can show that µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x). Also, µA(x ∧ y) ≥ µA(x) ∧ µA(y) and
νA(x ∧ y) ≤ νA(x) ∨ νA(y). Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).

Case(ii) when α1 < α2 and β1 < β2, then x, y ∈ A(α1,β2). So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α1,β2) implies
that µA(rx + y) ≥ α1 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx + y) ≤ β2 = β1 ∨ β2 = νA(x) ∨ νA(y).
Similarly, we can show that µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x). Also, µA(x ∧ y) ≥ µA(x) ∧ µA(y) and
νA(x ∧ y) ≤ νA(x) ∨ νA(y). Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).

Case(iii) when α1 > α2 and β1 < β2, then x, y ∈ A(α2,β2). So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α2,β2) implies
that µA(rx + y) ≥ α2 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx + y) ≤ β2 = β1 ∨ β2 = νA(x) ∨ νA(y).
Similarly, we can show that µA(g · x) ≥ µA(x) and νA(g · x) ≤ νA(x). Also, µA(x ∧ y) ≥ µA(x) ∧ µA(y) and
νA(x ∧ y) ≤ νA(x) ∨ νA(y). Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).

Case(iv) when α1 > α2 and β1 > β2, then x, y ∈ A(α2,β1). So, rx + y, g·, x ∧ y, x ∨ y ∈ A(α2,β1) implies that
µA(rx+ y) ≥ α2 = α1 ∧ α2 = µA(x) ∧ µA(y) and νA(rx+ y) ≤ β1 = β1 ∨ β2 = νA(x) ∨ νA(y). Similarly, we can
show that µA(g ·x) ≥ µA(x) and νA(g ·x) ≤ νA(x). Also, µA(x∧y) ≥ µA(x)∧µA(y) and νA(x∧y) ≤ νA(x)∨νA(y).
Similarly, we have µA(x ∨ y) ≥ µA(x) ∧ µA(y) and νA(x ∨ y) ≤ νA(x) ∨ νA(y).
Thus, from all the cases we notice that A is an intuitionistic fuzzy lG-submodule of M . �

Theorem 0.49. Let A and B be two intuitionistic fuzzy lG-submodules of M . Then A ∩B is an intuitionistic
fuzzy lG-submodule of M .

Proof : Let x, y ∈M . Then, for any r ∈ R, we have
µA∩B(rx+ y) = µA(rx+ y) ∧ µB(rx+ y)

≥ (µA(x) ∧ µA(y)) ∧ (µB(x) ∧ µB(y))
= (µA(x) ∧ µB(x)) ∧ (µA(y) ∧ µB(y))
= µA∩B(x) ∧ µA∩B(y).

Similarly, we can show νA∩B(rx + y) ≤ νA∩B(x) ∨ νA∩B(y). Also, for any g ∈ G, we have µA∩B(g · x) =
µA(g · x) ∧ µB(g · x) ≥ µA(x) ∧ µB(x) = µA∩B(x). Similarly, we can show that νA∩B(g · x) ≤ νA∩B(x). Further,
we have

µA∩B(x ∧ y) = µA(x ∧ y) ∧ µB(x ∧ y)
≥ (µA(x) ∧ µA(y)) ∧ (µB(x) ∧ µB(y))
= (µA(x) ∧ µB(x)) ∧ (µA(y) ∧ µB(y))
= µA∩B(x) ∧ µA∩B(y).

Similarly, we can show νA∩B(x ∧ y) ≤ νA∩B(x) ∨ νA∩B(y). In a same way, we can show that µA∩B(x ∨ y) ≥
µA∩B(x) ∧ µA∩B(y) and νA∩B(x ∨ y) ≤ νA∩B(x) ∨ νA∩B(y).
Thus, A ∩B is an intuitionistic fuzzy lG-submodule of M . �
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Theorem 0.50. If {Ai : i ∈ I} is a family of intuitionistic fuzzy lG-submodules of M , then ∩i∈IAi is also an
intuitionistic fuzzy lG-submodule of M where

µ∩i∈IAi
(x) = inf{µAi

(x) : i ∈ I} and ν∩i∈IAi
(x) = sup{νAi

(x) : i ∈ I},∀x ∈M .

Proof : Let x, y ∈M . Then, for any r ∈ R
µ∩i∈IAi(rx+ y) = inf{µAi(rx+ y) : i ∈ I}

≥ inf{µAi(x) ∧ µAi(y) : i ∈ I}
= [inf{µAi(x) : i ∈ I}] ∧ [inf{µAi(y) : i ∈ I}]
= µ∩i∈IAi(x) ∧ µ∩i∈IAi(y).

Similarly, we can show ν∩i∈IAi(rx+ y) ≤ ν∩i∈IAi(x) ∨ ν∩i∈IAi(y). Also, for any g ∈ G, we have µ∩i∈IAi(g · x) =
inf{µAi

(g · x) : i ∈ I} ≥ inf{µAi
(x) : i ∈ I} = µ∩i∈IAi

(x).
Similarly, we can show ν∩i∈IAi

(g · x) ≤ ν∩i∈IAi
(x). Further, we have

µ∩i∈IAi(x ∧ y) = inf{µAi(x ∧ y) : i ∈ I}
≥ inf{µAi(x) ∧ µAi(y) : i ∈ I}
= [inf{µAi(x) : i ∈ I}] ∧ [inf{µAi(y) : i ∈ I}]
= µ∩i∈IAi(x) ∧ µ∩i∈IAi(y).

Similarly, we can show ν∩i∈IAi
(x ∧ y) ≤ ν∩i∈IAi

(x) ∨ ν∩i∈IAi
(y) and

µ∩i∈IAi
(x ∨ y) = inf{µAi

(x ∨ y) : i ∈ I}
≥ inf{µAi

(x) ∧ µAi
(y) : i ∈ I}

= [inf{µAi
(x) : i ∈ I}] ∧ [inf{µAi

(y) : i ∈ I}]
= µ∩i∈IAi

(x) ∧ µ∩i∈IAi
(y).

Similarly, we can show that ν∩i∈IAi(x ∨ y) ≤ ν∩i∈IAi(x) ∨ ν∩i∈IAi(y). �

Thus, ∩i∈IAi is an intuitionistic fuzzy lG-submodule of M .

Definition 0.51. ([20]) Let A be any intuitionistic fuzzy set of M . Then 〈A〉 is called the intuitionistic fuzzy
lG-submodule of M generated by A. It is defined as

〈A〉 = ∩{B|A ⊆ B,B is an intuitionistic fuzzy lG-submodule of M}.

Following a similar technique as in [20], it is easy to prove that 〈A〉 is the smallest intuitionistic fuzzy lG-submodule
of M , which contains A.

Remark 0.52. Let C = {Ai|i ∈ I} denote the set of all intuitionistic fuzzy lG-submodules of M . Let
C′ = {Aj |j ∈ J ⊆ I} be any subset of C. The infimum and supremum of C′ are ∩{Aj |j ∈ J} and 〈∪{Aj |j ∈ J}〉
respectively. Thus, the set of all intuitionistic fuzzy lG-submodules of M forms a complete lattice under set
inclusion.

6|Homomorphism of fuzzy lattice ordered G-modules
Definition 0.53. Let M and M ′ be two lattice ordered G-modules. A map f : M → M

′ is called a lattice
ordered G-module homomorphism or lG-module homomorphism if ∀x, y ∈M, r ∈ R, g ∈ G following hold

(1) f(rx+ y) = rf(x) + f(y)

(2) f(g · x) = g · f(x)

(3) f(x ∧ y) = f(x) ∧ f(y)

(4) f(x ∨ y) = f(x) ∨ f(y)

If the lG-module homomorphism f : M →M
′ is a bijection, then it is called an lG-module isomorphism.
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Theorem 0.54. Let M and M ′ be two lattice ordered G-modules. Let A be an intuitionistic fuzzy lG-submodule
of M and f : M →M

′ be an lG-module homomorphism from M onto M ′ . Then f(A) is an intuitionistic fuzzy
lG-submodule of M ′ .

Proof : Let x′ , y′ ∈M ′ . Then there exists x, y ∈M such that f(x) = x
′
, f(y) = y

′

µf(A)(x
′
+ y

′
) = ∧{µA(z)|z ∈M ; f(z) = x

′
+ y

′
}

≥ ∧{µA(x+ y)|x, y ∈M ; f(x) = x
′
and f(y) = y

′
}

≥ (∧{µA(x)|x ∈M ; f(x) = x
′
}) ∧ ({µA(y)|y ∈M ; f(y) = y

′
})

= µf(A)(x
′
) ∧ µf(A)(y

′
).

Thus µf(A)(x
′ + y

′) ≥ µf(A)(x
′) ∧ µf(A)(y

′). Similarly, we can show that νf(A)(x
′ + y

′) ≤ νf(A)(x
′) ∨ νf(A)(y

′).
For r ∈ R, we have

µf(A)(rx
′
) = ∧{µA(z)|z ∈M ; f(z) = rx

′
}

≥ ∧{µA(rx)|x ∈M ; f(x) = x
′
}

≥ ∧{µA(x)|x ∈M ; f(x) = x
′
}

= µf(A)(x
′
).

Thus µf(A)(rx
′) ≥ µf(A)(x

′). Similarly, we can show that νf(A)(rx
′) ≤ νf(A)(x

′). For all g ∈ G, we have

µf(A)(g · x
′
) = ∧{µA(z)|z ∈M ; f(z) = g · x

′
}

≥ ∧{µA(g · x)|x ∈M ; f(x) = x
′
}

≥ ∧{µA(x)|x ∈M ; f(x) = x
′
}

= µf(A)(x
′
).

Thus, µf(A)(g · x
′) ≥ µf(A)(x

′). Similarly, we can show that νf(A)(g · x
′) ≤ νf(A)(x

′). Also,

µf(A)(x
′
∧ y

′
) = ∧{µA(z)|z ∈M ; f(z) = x

′
∧ y

′
}

≥ ∧{µA(x ∧ y)|x, y ∈M ; f(x) = x
′
and f(y) = y

′
}

≥ (∧{µA(x)|x ∈M ; f(x) = x
′
}) ∧ (∧{µA(y)|y ∈M ; f(y) = y

′
})

= µf(A)(x
′
) ∧ µf(A)(y

′
).

Thus, µf(A)(x
′ ∧y′) ≥ µf(A)(x

′)∧µf(A)(y
′). Similarly, we can show that νf(A)(x

′ ∧y′) ≤ νf(A)(x
′)∨νf(A)(y

′). In
the same way, we can show that µf(A)(x

′ ∨ y′) ≥ µf(A)(x
′)∧ νf(A)(y

′) and νf(A)(x
′ ∨ y′) ≤ νf(A)(x

′)∨ νf(A)(y
′).

Thus, f(A) is an intuitionistic fuzzy lG-submodule of M ′ . �

Theorem 0.55. Let M and M
′ be two lattice ordered G-modules. Let f : M → M

′ be an lG-module
homomorphism. If B is an intuitionistic fuzzy lG-submodule of M ′ , then f−1(B) is an intuitionistic fuzzy
lG-submodule of M .

Proof : Let x, y ∈M . Then for all r ∈ R, we have
µf−1(B)(rx+ y)) = µB(f(rx+ y)) = µB(rf(x) + f(y))

≥ µB(f(x)) ∧ µB(f(y))
= µf−1(B)(x) ∧ µf−1(B)(y).

Similarly, we can show that νf−1(B)(rx+y)) ≤ νf−1(B)(x)∨νf−1(B)(y). Also, for g ∈ G, we have µf−1(B)(g ·x)) =
µB(f(g · x)) = µB(gf(x)) ≥ µB(f(x)) = µf−1(B)(x). Similarly, we can show that νf−1(B)(g · x)) ≤ νf−1(B)(x).
Further,

µf−1(B)(x ∧ y) = µB(f(x ∧ y) = µB(f(x) ∧ f(y))
≥ µB(f(x)) ∧ µB(f(y))
= µf−1(B)(x) ∧ µf−1(B)(y).
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Similarly, we can show that νf−1(B)(x ∧ y) ≤ νf−1(B)(x) ∨ νf−1(B)(y). In a same way, we can show that
µf−1(B)(x ∨ y) ≥ µf−1(B)(x) ∧ µf−1(B)(y) and νf−1(B)(x ∨ y) ≤ νf−1(B)(x) ∨ νf−1(B)(y). Thus, f−1(B) is an
intuitionistic fuzzy lG-submodule of M . �

Theorem 0.56. Let M and M ′ be two lattice ordered G-modules and f : M →M
′ be an lG-module isomorphism.

If A is an intuitionistic fuzzy lG-ideal of M , then f(A) is an intuitionistic fuzzy lG-ideal of M ′ .

Proof : Let x′ , y′ ∈M ′ such that 0′ < x
′
< y

′ . Then ∃s x, y ∈M such that f(x) = x
′
, f(y) = y

′ .
Now f(x) < f(y)⇒ f−1(f(x)) < f−1(f(y))⇒ x < y ⇒ µA(x) ≤ µA(y) and νA(x) ≥ νA(y). Also, µf(A)(x

′) =
∧{µA(z)|f(z) = x

′} = µA(x) [ As f is one-to-one]. Similarly, νf(A)(x
′) = νA(x). Therefore, we have µf(A)(x

′) ≥
µf(A)(y

′) and νf(A)(x
′) ≤ νf(A)(y

′).
Thus, f(A) is an intuitionistic fuzzy lG-ideal of M ′ . �

Theorem 0.57. Let M and M ′ be two lattice ordered G-modules and f : M → M
′ be an lG-module homo-

morphism. If B is an intuitionistic fuzzy lG-ideal of M ′ , then f−1(B) is an intuitionistic fuzzy lG-ideal of
M .

Proof : Let x, y ∈M such that 0 < x < y. Then
f(x) < f(y) which implies that µB(f(x) ≥ µB(f(y)) and νB(f(x) ≤ µB(f(y)).
Therefore, µf−1(B)(x) ≤ µf−1(B)(y) and νf−1(B)(x) ≥ νf−1(B)(y).
Thus, f−1(B) is an intuitionistic fuzzy lG-ideal of M . �

7|Conclusion
In this investigation we have used our approach to intuitionistic fuzzy ordered structures (intuitionistic fuzzy
sets equipped with a particular intuitionistic fuzzy ordering) in order to deal with an intuitionistic fuzzy lattice
ordered G-modules. Our goal was not only to develop these intuitionistic fuzzy algebras but also to present some
non-trivial applications of these in the ordered G-modules constructed. It turned out that the new intuitionistic
fuzzy structures are an appropriate generalization of the classical lattice ordered G-modules. Therefore, our next
task would be to develop in more details the theory of intuitionistic fuzzy ordered algebras (special intuitionistic
fuzzy algebras arising from lattices, other properties of ordered G-modules, but also ordered soft modules, rough
context and other related structures) and also to characterize ordered and lattice ordered G-modules by their
intuitionistic fuzzy substructures.
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