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Abstract : In this contribution, a new seventh-order iterative scheme is presented for finding

multiple roots of nonlinear equations. For numerical experimentation, various nonlinear equations
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1. Introduction. In this work, we consider to find multiple roots of equation
g(x) = 0 by using iterative procedure. A root (say β) of g(x) = 0 is called multiple
root with multiplicity p if g(j)(β) = 0, j = 0, 1, 2, · · · , p− 1, and gp(β) ̸= 0.

Many problems in diverse fields of Science and Technology are modeled into
nonlinear equations with multiple roots. So, finding roots of nonlinear equations
is an important and frequently needed task. Iterative techniques are gaining much
importance for the purpose since there is almost non availability of direct methods.
Modified Newton method (Schröder, 1870) is a well known iterative method for
computing multiple roots given by :

sk+1 = sk − p
g(sk)

g′(sk)
, k = 0, 1, 2, · · · (1.1)

The method given by (1.1) converges quadratically with known multiplicity p, provided
that the initial value x0 is considered near the root.

Several third and fourth order iterative methods have been developed so far to serve
the purpose. Certain improvements are being done over the already existing methods in
quest of faster and more efficient schemes (see (King, 1977, Sharma and Sharma, 2010,
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Weerakoon and Fernando, 2000, Kanwar, Cordero, Torregrosa, Rajput, and Behl, 2023,
Sharma and Bahl, 2014, Sharma and Bahl, 2011, 2013, Bala, Kansal, and Kanwar, 2021,
Liu and Zhou, 2013, Sharifi, Babajee, and Soleymani, 2012, Nadeem, Aslam, and Ali,
2023, Geum, Kim, and Neta, 2015, 2016 and Sharma, Kumar, and Cattani, 2019) and
references therein). J.F. Traub has expressed the importance of multi-step methods
over one-step methods in his book (Traub, 1982). Ostrowski (Ostrowski, 1960) also
expressed the same. Motivated by the ongoing work in this direction, we focussed on
introducing a new iteration scheme possessing seventh-order of convergence and having
improved efficiency.

We consider a recent scheme developed by Kumar et al. (Kumar, Sharma, and
Jăntschi, 2020) given by

tk = sk − p
g(sk)

g′(sk)
,

rk = tk − pG(uk)
g(sk)

g′(sk)
, (1.2)

sk+1 = rk − pvk

(
1 + a

vk
uk

)
H(uk)

g(sk)

g′(sk)
.

with uk =

(
g′(tk)

g′(sk)

) 1
p−1

and vk =

(
g(rk)

g(sk)

) 1
p

.

The scheme achieves seventh-order of convergence with 2 function evaluations and
2 derivative evaluations per step.

However, we can develop another scheme of seventh-order with 3 function evalua-
tions and only 1 derivative evaluation per iteration thereby improving the efficiency of
the scheme.

The outline of the next sections of the paper is: Convergence analysis is carried
out in Section 2. Few effective cases of proposed scheme are expressed in Section 3.
For numerical verification in Section 4 different functions from different fields, Physics,
Biology, Chemistry etc. have been chosen. Section 5 demonstrates the performance of
various methods using basins of attraction. Conclusion is given in Section 6.

2. Development and Convergence Analysis. We propose the following three-
step iterative scheme

tk = sk − p
g(sk)

g′(sk)
,



a new seventh-order scheme for finding multiple roots. . . 815

rk = tk − pukH(uk)
g(sk)

g′(sk)
, (2.1)

sk+1 = rk − phkQ(uk)G(vk)
g(sk)

g′(sk)
,

where uk =

(
g(tk)

g(sk)

) 1
p

, vk =

(
g(rk)

g(tk)

) 1
p

and hk =
uk

1 + uk
.

THEOREM.Given an analytic function g : C → C having multiple root s = β repeated p
times. The proposed scheme (2.1) has seventh-order convergence, if the weight functions

satisfy the conditions : G0 = 0, G1 =
1

Q0
, G2 =

2

Q0
, Q1 = 3Q0, Q2 = (6 +H2)Q0.

Proof: Assume that the error in kth iteration be defined as ek = sk −β. Expansions of
function and its derivative g(sk) and g′(sk) using Taylor expansion about β is shown
in (2.2) and (2.3) respectively.

g(sk) =
g(p)(β)

p!
epk(1 + c1ek + c2e

2
k + c3e

3
k + c4e

4
k + c5e

5
k + c6e

6
k + · · · ) (2.2)

and

g′(sk) =
g(p)(β)

p!
ep−1
k (p+(p+1)c1ek+(p+2)c2e

2
k+(p+3)c3e

3
k+(p+4)c4e

4
k+· · · ), (2.3)

where ci =
p!

(p+ k)!

g(p+k)(β)

g(p)(β)
, for i ∈ N. Now, substitute the expressions obtained in

(2.2) and (2.3) in the first step of (2.1) to obtain:

etk = tk − β =
c1
p
e2k +

(
−(p+ 1)c21 + 2pc2

p2

)
e3k +

3∑
i=0

Aie
i+4
k +O(e8k) (2.4)

where Ai represents lengthy expressions in terms of c1, c2, · · · , c7, p, ∀ i. MATHE-
MATICA software (Wolfram, 2003) is employed to ease out these calculations but the
lengthy expressions are not written explicitly. We will follow the same idea in further
computations as well.

Taylor expansion using (2.2) and (2.4) results in:

g(tk) =
g(p)(β)

p!
eptk(1 + c1etk + c2e

2
tk
+ c3e

3
tk
+ c4e

4
tk
+ · · · ). (2.5)
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Now from (2.2) and (2.5), we get:

uk =

(
g(tk)

g(sk)

) 1
p

=
c1ek
p

+
(2pc2 − (p+ 2)c21)e

2
k

p2
+

4∑
i=0

Bie
i+3
k +O(e8k), (2.6)

where Bi depends on c1, c2, · · · , c7, p, ∀ i.

Let H(uk) be the weight function defined by

H(uk) ≈ H0 +H1uk +
H2

2
u2k +

H3

6
u3k +O(u4k).

Now, substituting expressions from (2.2)–(2.6) and H(uk) in the second step of (2.1),
we finally reach at the following expression

erk = −
c1(H0 − 1)e2k

p
+

(
− 2pc2(H0 − 1) + c21(−1− p+ (3 + p)H0 −H1)

)
e3k

p2

+
3∑

i=0

Cie
i+4
k +O(e8k) (2.7)

where Ci is dependent on c1, c2, · · · , c7, p , ∀ i.

On taking H0 = 1,H1 = 2 in above expression, we obtain fourth-order convergence
which is considered as optimal according to Kung-Traub conjecture (Kung and Traub,
1974).

erk = rk − β =

(
c31(p+ 9−H2)− 2pc1c2

)
e4k

2p3
+

2∑
i=0

Die
i+5
k +O(e8k) (2.8)

where Di is dependent on c1, c2, · · · , c7, p , ∀ i.

Taylor expansion on g(rk) yields :

g(rk) =
g(p)(β)

p!
eprk(1 + c1erk + c2e

2
rk

+ c3e
3
rk

+ c4e
4
rk

+ · · · ) (2.9)

Now, vk is given as :

vk =

(
g(rk)

g(tk)

) 1
p

=

(
c21(p+ 9−H2)− 2pc2

)
e2k

2p2
+

4∑
i=0

Eie
i+3
k +O(e8k), (2.10)

where Ei = Ei(c1, c2, · · · , c7, p), ∀ i.
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The weight functions Q(uk) and G(vk) are defined as :

Q(uk) ≈ Q0 +Q1uk +
Q2

2
u2k +

Q3

6
u3k +O(u4k) (2.11)

and

G(vk) ≈ G0 +G1vk +
G2

2
v2k +

G3

6
v3k +O(v4k) (2.12)

and hk is given by

hk =
c1ek
p

+

(
−(3 + p)c21 + 2pc2

)
e2k

p2
+

4∑
i=0

Fie
i+3
k +O(e8k) (2.13)

where Fi = Fi(c1, c2, · · · , c7, p) ∀ i.

Now, by using equations (2.2)–(2.12) in the last substep of (2.1), we have

ek+1 = −c1G0Q0

p
e2k +

4∑
i=0

Kie
i+3
k +O(e8k) (2.14)

where Ki = Ki(c1, c2, · · · , c7, p) ∀ i.

Taking G0 = 0, G1 =
1

Q0
, G2 =

2

Q0
, Q1 = 3Q0, Q2 = (6 +H2)Q0. we get the error

equation as

ek+1 = − 1

12p6Q0
c21

[
− 12p2c22

(
− 3(6 +H2)Q0 + (16 + 3H2)Q0

)
+2pc21c2

(
− 3(53 + 8p− 5H2)(6 +H2)Q0

+(864 + 132p+ 24(3 + p)H2 − 15H2
2 −H3)Q0 +Q3

)
+c41

((
6 +H2

)(
314 + 159p+ 13p2

−3(14 + 5p)H2 +H3

)
Q0 −

(
24(65 + 36p+ 3p2)− 3(13 + 5p)H2

2 − (3 + p)H3

+H2(71 + 72p+ 13p2 + 2H3)
)
Q0 + (−9− p+H2)Q3

)]
e7k +O(e8k) (2.15)

This expression shows that the suggested scheme (2.1) attains seventh-order conver-
gence.

3. Effective Cases of Proposed Scheme. This section deals with development
of some special cases of the presented scheme. After substituting the conditions in the
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weight functions, we attain

H(uk) = 1 + 2uk +
H2

2
u2k, Q(uk) = Q0 + 3Q0uk +

(6 +H2)Q0

2
u2k

and G(vk) =
1

Q0
vk +

1

Q0
v2k +

G3

6
v3k.

The cases of competing nature can be obtained by choosing different values for H2, Q0,
G3, H3, and Q3.

CASE 1 (C1) : H2 = 6, Q0 = 2, G3 = 18, H3 = 0, and Q3 = 0

tk = sk − p
g(sk)

g′(sk)

rk = tk − puk(1 + 2uk + 3u2k)
g(sk)

g′(sk)
, (3.1)

sk+1 = rk − 2phk(1 + 3uk + 6u2k)

(
vk + v2k

2
+ 3v3k

)
g(sk)

g′(sk)
.

CASE 2 (C2) : H2 = 8, Q0 = 1, G3 = 90, H3 = 0, and Q3 = 0

tk = sk − p
g(sk)

g′(sk)

rk = tk − puk(1 + 2uk + 4u2k)
g(sk)

g′(sk)
, (3.2)

sk+1 = rk − phk(1 + 3uk + 7u2k)(vk + v2k + 15v3k)
g(sk)

g′(sk)
.

CASE 3 (C3) : H2 = 6, Q0 = 7, G3 = 6, H3 = 0, and Q3 = 0

tk = sk − p
g(sk)

g′(sk)

rk = tk − puk(1 + 2uk + 3u2k)
g(sk)

g′(sk)
, (3.3)

sk+1 = rk − 7phk(1 + 3uk + 6u2k)

(
vk + v2k

7
+ v3k

)
g(sk)

g′(sk)
.

CASE 4 (C4) : H2 = 6, Q0 = 7, G3 = 12, H3 = 0, and Q3 = 0

tk = sk − p
g(sk)

g′(sk)
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rk = tk − puk(1 + 2uk + 3u2k)
g(sk)

g′(sk)
, (3.4)

sk+1 = rk − 7phk(1 + 3uk + 6u2k)

(
vk + v2k

7
+ 2v3k

)
g(sk)

g′(sk)
.

Many more such cases can be generated by different combinations of these parameters.
For comparison with existing methods, few of these cases are taken into consideration.
So for numerical testing in Section 4 and basins of attraction in Section 5, we choose
above mentioned four cases.

4. Numerical Experimentation. Numerical testing is performed to demonstrate
the numerical comparion among methods presented in this manuscript and some
already existing sixth and seventh-order iterative methods. MATHEMATICA software
(Liu and Zhou, 2013) has been used to calculate the errors of successive iterations,
CPU-time and COC (computational order of convergence) (Weerakoon and Fernando,
2000), where COC is given by the formula :

COC =
log|(sk+2 − β)/(sk+1 − β)|
log|(sk+1 − β)/(sk − β)|

.

Table 1 : Test Functions

g(z) x0 Root p

Blood Rheology Model (Fournier, 2017)

g1(x) =

(
x8

441
+

8x5

63
− 2857144357x4

50000000000
+

16x2

9
− 906122449x

250000000
+

3

10

)4

0 0.08643356 4

Planck Law Radiation Problem (Bradie, 2006)

g2(x) =

(
e−x − 1 +

x

5

)3

5 4.96511423 3

Electron Trajectory (Hueso, Mart´inez and Teruel, 2015)

g3(x) =

(
x− 1

2
Cosx+

π

4

)5

0 −0.30909327 5

Standard Text Function

g4(x) = (ex + x− 20)2 3 2.84243895 2

Academic Problem

g5(x) = (Cos x− x)3 1 0.73908513 3
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The stopping criterion is considered to be |sk+1 − sk| < 10−350. The proposed
methods C1, C2, C3, C4, discussed in Section 3, are compared with the methods given
by Geum et al. (2016), Sharma et al. (2019) and Kumar et al. (2020).

Table 2 : Comparison for

g1(x) =

(
x8

441
+

8x5

63
− 2857144357x4

50000000000
+

16x2

9
− 906122449x

250000000
+

3

10

)4

Methods k |ek−3| |ek−2| |ek−1| CPU-t(s) COC

GM 4 8.64 (−2) 3.24 (−7) 1.52 (-39) 0.12 6.00

SM1 4 8.64 (−2) 4.67 (−8) 1.22 (-51) 0.11 7.00

SM2 4 8.64 (−2) 4.34 (−8) 7.23 (−52) 0.11 7.00

KM1 4 8.64 (−2) 1.19 (−9) 4.21 (−18) 0.40 1.33

KM2 4 8.64 (−2) 1.61 (−7) 1.11 (−41) 0.06 6.00

C1 4 8.64 (-2) 8.72 (-9) 1.77 (-57) 0.11 7.00

C2 4 8.64 (−2) 5.90 (−9) 6.20 (-59) 0.09 7.00

C3 4 8.64 (−2) 8.50 (−9) 1.47 (-57) 0.11 7.00

C4 4 8.64 (−2) 6.91 (−9) 3.44 (−58) 0.09 7.00

Table 3 : Comparison for g2(x) =

(
e−x − 1 +

x

5

)3

Methods k |ek−3| |ek−2| |ek−1| CPU-t(s) COC

GM 3 3.49 (−2) 1.85 (−15) 4.46 (−95) 0.34 6.00

SM1 3 3.49 (−2) 4.48 (−18) 2.83 (−129) 0.29 7.00

SM2 3 3.49 (−2) 4.46 (−18) 2.75 (−129) 0.31 7.00

KM1 3 3.49 (−2) 1.87 (−18) 2.55 (−132) 0.31 7.00

KM2 3 3.49 (−2) 4.62 (−16) 2.74 (−99) 0.31 6.00

C1 3 3.49 (−2) 1.86 (−18) 2.63 (−132) 0.29 7.00

C2 3 3.49 (−2) 1.73 (−18) 1.54 (−132) 0.29 7.00

C3 3 3.49 (−2) 1.85 (−18) 2.53 (−132) 0.23 7.00

C4 3 3.49 (−2) 1.78 (−18) 1.89 (−132) 0.25 7.00
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Method by Geum et al. (2016), denoted as GM

tk = sk − p
g(sk)

g′(sk)
,

rk = sk − p(1 + uk + 2u2k)
g(sk)

g′(sk)
, (4.1)

sk+1 = sk − (1 + uk + 2u2k + (1 + 2uk)vk))
g(sk)

g′(sk)
.

where, uk =

(
g(tk)

g(sk)

) 1
p

and vk =

(
g(rk)

g(sk)

) 1
p

.

Method by Sharma et al. (2019), designated as SM1

tk = sk − p
g(sk)

g′(sk)
,

rk = tk − puk(1 + 2uk − u2k)
g(sk)

g′(sk)
, (4.2)

sk+1 = rk − pvk(1 + 2uk + wn)
g(sk)

g′(sk)
.

Method by Sharma et al. (2019), denoted as SM2

tk = sk − p
g(sk)

g′(sk)
,

rk = tk − puk(1 + 2uk − u2k)
g(sk)

g′(sk)
, (4.3)

sk+1 = rk − pvk

(
2uk +

1

1− wn

)
g(sk)

g′(sk)
.

with uk =

(
g(tk)

g(sk)

) 1
p

, vk =

(
g(rk)

g(sk)

) 1
p

and wn =

(
g(rk)

g(tk)

) 1
p

.

Method by Kumar et al. (2020) designated as KM1

tk = sk − p
g(sk)

g′(sk)
,

rk = tk − puk

(
1 + uk

1 + 1+p
1−puk +

2p(p+1)
(p−1)2

u2k

)
g(sk)

g′(sk)
, (4.4)

sk+1 = rk − pvk

(
1 +

p− 1

p

vk
uk

)(
1 + 2uk +

p2 − 2p− 1

p(p− 1)
u2k

)
g(sk)

g′(sk)
.
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Method by Kumar et al. (2020), designated as KM2

tk = sk − p
g(sk)

g′(sk)
,

rk = tk − puk

(
1− puk

p− 1
+

3p2u2k
2(m− 1)2

)−2 g(sk)

g′(sk)
, (4.5)

sk+1 = rk − pvk

(
1 +

p− 1

p

vk
uk

)(
1 + 2uk +

p2 − 2p− 1

p(p− 1)
u2k

)
g(sk)

g′(sk)
.

with uk =

(
g′(tk)

g′(sk)

) 1
p−1

and vk =

(
g(rk)

g(sk)

) 1
p

.

The nonlinear test functions are chosen from different branches of science and are
given in Table 1 It can be observed from the Tables [2–6] that the presented methods
C1-C4 show remarkably good results as compared to other methods under study. It
is also noteworthy that the entry 0 in the tables shows that the stopping criterion
has been achieved. Moreover, the entries of COC for presented methods also confirm
the theoretical convergence order obtained in Section 2 in all the five examples. But
the same is not achieved by one or more methods already existing in the literature.
Furthermore, the CPU-time entries, confirm the speed and efficiency of the presented
methods. Thus, we conclude that the presented methods have an edge-over other
existing methods.

Table 4 : Comparison for g3(x) =

(
x− 1

2
Cos x+

π

4

)5

Methods k |ek−3| |ek−2| |ek−1| CPU-t(s) COC

GM 4 1.91 (−5) 2.24 (−30) 5.84 (−180) 0.45 6.00

SM1 4 4.69 (−6) 2.29 (−39) 1.51 (−272) 0.45 7.00

SM2 4 4.15 (−6) 9.78 (−40) 3.89 (−275) 0.45 7.00

KM1 4 8.49 (−7) 2.86 (−45) 1.43 (−89) 0.68 6.03

KM2 4 8.16 (−6) 5.26 (−33) 3.76 (−196) 0.45 6.00

C1 4 8.02 (−7) 1.57 (−45) 1.77 (−316) 0.40 7.00

C2 4 5.53 (−7) 4.99 (−47) 2.41 (−327) 0.35 7.00

C3 4 7.56 (−7) 1.04 (−45) 9.74 (−318) 0.37 7.00

C4 4 4.33 (−7) 2.13 (−47) 1.45 (−329) 0.39 7.00
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Table 5 : Comparison for g4(x) = (ex + x− 20)2

Methods k |ek−3| |ek−2| |ek−1| CPU-t(s) COC

GM 4 5.27 (-6) 1.15 (-32) 1.25 (-192) 0.25 6.00

SM1 4 1.18 (-6) 2.90 (-42) 1.54 (-291) 0.25 7.00

SM2 4 1.06 (-6) 1.37 (-42) 7.94 (-294) 0.28 7.00

KM1 4 3.39 (-6) 5.52(-22) 9.07 (-149) 0.39 3.50

KM2 4 8.42 (-6) 3.81 (-31) 3.30 (-183) 0.29 6.00

C1 4 1.86 (-7) 9.63 (-49) 9.51 (-338) 0.32 7.00

C2 4 1.10 (-7) 6.13 (-51) 0 0.29 7.00

C3 4 1.81 (-7) 7.88 (-49) 2.33 (-338) 0.31 7.00

C4 4 1.44 (-7) 1.60 (-49) 3.40 (-343) 0.25 7.00

Table 6 : Comparison for g5(x) = (Cos x− x)3

Methods k |ek−3| |ek−2| |ek−1| CPU-t(s) COC

GM 4 2.55 (-6) 6.83 (-36) 2.51 (-213) 0.32 6.00

SM1 4 4.00 (-7) 3.31 (-47) 8.82 (-328) 0.31 7.00

SM2 4 3.62 (-7) 1.64 (-47) 6.58 (-330) 0.26 7.00

KM1 4 9.92 (-8) 7.98 (-52) 6.14 (-103) 0.65 6.01

KM2 4 1.46 (-6) 1.55 (-37) 2.28 (-223) 0.39 6.00

C1 4 7.79 (-8) 8.66 (-53) 0 0.39 7.00

C2 4 3.56 (-8) 2.74 (-55) 0 0.35 7.00

C3 4 6.90 (-8) 3.73 (-53) 0 0.37 7.00

C4 4 7.35 (-9) 5.81 (-60) 0 0.34 7.00

5. Basins of Attraction. Basins of attraction is employed to compare the
methods GM, SM1, SM2, KM1, KM2 with the presented methods C1, C2, C3 and
C4 of the scheme (2.1) in the complex plane. It is used for analyzing the performance
of methods. Many researchers used this technique in their recent contributions, (see,
for example, (Varona, 2002)). Due to the technological capabilities, MATHEMATICA
software (Kung and Traub, 1974) has been extensively used to develop the basins.
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To start the process, an initial approximation z0 is chosen near the actual root in a
rectangular region ω ⊂ C. This region contains all the roots of the function g(z). The
choice of initial approximation is random. So, two cases arises either z0 converges to
actual root or diverges. To stop the process, a tolerance value is considered to be 10−3

up to maximum 40 iterations. The method does not converge if the tolerance is not
achieved within the stipulated time.

Figure 1 : Visual display of basins of attraction for f1(z) = (z2 − 1)5

To discuss basins, we consider a test function g(z) = (z2 − 1)5, which has two roots
±1 each with multiplicity 5. we use the rectangular region ω = [−3, 3]× [−3, 3] to draw
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basins and paint them in color grey for -1 and pink for 1. From the graphics in Fig. 1,
it is observed that the methods SM2, C4, C2, C3 and perform explicitly better than
C1, SM1, KM1, KM2, GM respectively. Black region shows the non convergent initial
points.

6. Conclusions. In this manuscript, we have presented and analyzed an iterative
scheme of seventh-order methods for finding multiple roots of nonlinear equations. The
performance of presented scheme as observed via numerical experimentation confirms
the efficiency of the scheme. The presented basins of attraction also demonstrate that
the newly proposed scheme shows remarkably good results in comparison to other
existing methods.
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