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Abstract. In this contribution, a novel scheme of multiple root finders for nonlinear equations with the univariate and bivariate
weight functions is proposed. The basic requirement of the presented scheme is the known value of *m’ (multiplicity of the root).
Analysis of convergence is given to show that the proposed family achieves eighth-order convergence. Numerical experimentation
is done to demonstrate accuracy and computational efficiency of the scheme. In addition, the obtained results show that the
proposed scheme has an edge-over other considered eighth-order methods.
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Introduction

In numerical analysis, development of higher order multipoint ! multiple root finders for nonlinear equation f(x) = 0,
is one of the significant tasks. J.F. Traub, in his brilliant book !, emphasizes on the advantage of multipoint multiple
root finders over the one step iterative methods. Modified Newton method for calculating multiple roots is perhaps the
most basic method with known multiplicity m of root ¢ and is given as:

£ (xn)
7o) (H

Several researchers have developed multipoint schemes to find the higher order convergence methods as compared
to modified Newton method?. In addition, numerous sixth and seventh-order iterative methods have also been pre-
sented and analysed in the literature>. Furthermore, in the quest of higher order and optimal* iterative methods, some
eighth-order methods have also been developed, see .

In particular, Zafar et. al.” presented the eighth-order family of iterative methods. This scheme consists of three-
steps involving four univariate weight functions. However, with only two univariate and one bivariate weight functions,
we can develop yet another optimal eighth order convergent scheme with better accuracy and computational efficiency.
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Formulation of scheme

Here, we present the following three-step scheme to evaluate multiple roots of f(x) =0 :

Yn = Xn — m}f”(&tz)) s

)

n=Yn— munQ(ui’l)

Xn+1 =2n — unS(Vn)T(hm Vn) ffl(();y;)) 5

where the considered weight functions are:

O(utn) ~ Qo + Quutn + G 12+ L1l + O(ul), S(v) = So + S1vu + V2 + 2vi+ O(v}), and

T (hp,va) = Too + haTio + vaTor + 57 (h2To0 + 2hvaTi1 +v2T0).

1

with u,, = (f(m)%,v,,: (f(z ))m,andhn: U

S () J(n)
After applying the following conditions, we obtain eighth-order convergence, Qg = 1, Q1 =2, 0) = —2"%14“2, 03 =
2 2
712(3a'+231a2+a2), So0=0,81=1,8%=285=2,Ty = ﬁ =1,To= 25% =2a1,To1 =0, T =2, Ti1 = 25% = 2ay,
1
2 2
Ty = 0. Thus, functions become:Q () = 1 + 2u, — 452922 4 2Bar2a1arta)) 3

ap a% n’
S(va) = vy + 2, and T (hy,v,) = 1 + 2athy, +2a1h,v, +v2

Some Special Cases of Proposed Scheme

This section deals with the discussion of special cases of our proposed scheme (2) depending up on different weight
functions Q(uy,), S(v,) and T(h,,, v,):
Case 1. Let us consider a; = 2, ap = —1, it implies h, = 2%,,’ the scheme (2) so formed is named as (PM;)

where Q(uy) = 1+ 2up+ Ju3, S(va) = v +2, and T (i, vy) = 1+ 4hy + 4hyvy + 12

_ f(xn)
Yn = Xn = Mgy
9 3, f(xn)
=y — mity (1 + 2w + ~ 1 3
Zn=Yn mun( +2u, + 2” )f,(xn)u 3)
X1 = Zn — MitpVu(1+vy) [1+4hy 4+ V2 + dhyvy] f(&”né
Case 2. For a; = l,ap = —1, we get h, = lf—’;n, so the scheme (2) gives proposed method 2 (PM;) where
Ouy) = 14 2up + 2 +4ul, S(vy) = vy +v2, and T (hy,vy) = 1+ 2k, + 2 + 20,0,
o=y
f(xn)
Zn = Yn— mitn(1 +2un+ui+4u3)f,(x';), 4
Xp1 = zZn — muyvy (L+vy) [1 + 2k, + V2 —I—Zh,,vn] ){'an,,))’

500009-2

81:6%'0L 20z dunr ||



TABLE 1. Comparison for f(z) = (z* —2z2 4+ 1)3

Method n |xy —x1 | |x3 —x9| |xq4 —x3| CcocC CPU time
xp=3

SM 4 566x1072  s42x107H 502%x10783 800 0.047
M, 4 520x1072  823x10~ !l 5311078l 8.00 0.047
ZM, 4 495x1072  255x107 Ml 185x1078 798 0.067
PM, 4 413x1072  447x10712 118x10786 800 0.047
PM, 4 352x1072  594x10713  486x1077 800 0.031

Numerical simulation

To discuss computational efficiency and convergence behaviour of the presented cases of our scheme: PM; and PM,; ,
we consider a numerical example with known multiplicity 6 and compare the performance with existing eighth-order
methods. For comparison, we consider the methods given by Sharma et al.® and Zafar et al.”. The programming
package Mathematica!” is used for performing all the computations. For numerical testing, the stopping criterion is
considered as |x,, | —x,| < 10730, The comparison is shown in Table 1, under the following heads:

*  (n), total number of iterations for which the method obtains the required solution.
*  |xp41 — x|, estimated errors of three consecutive iterations.

+  COC, the computational order of convergence to verify the theoretical convergence '! is calculated by the for-

" logl(vuea— )/ (i1 —00)]
mula, COC = S/ Gr-a)] -

e CPU-time, total time taken by the program in seconds is recorded.

Example: For numerical testing, we consider the following function with &« = 1 and m = 6:

fld)=(*-22+1)° 5)

Conclusion

The proposed scheme converges to the desired root with eighth-order which is optimal'?. The proposed scheme

involved four functional evaluations, hence its efficiency index is 81 = 1.6817, which is higher than the sixth-order
families of multiple roots presented by Geum et al.>. Moreover, numerical and dynamical tests verified the theoretical
results and confirmed that the proposed two cases PM| and PM, of the presented scheme have edge-over the existing
methods of same order for multiple roots. Out of these PM, showed best performance in numerical testing in terms of
elapsed CPU time, COC and has minimum estimated error. The presented basins of attraction have also demonstrated
the strictness of method for choice of starting point.
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